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In these notes we shall by N, R and C denote the sets of natural, real and complex
numbers, respectively. All the definitions and most of the results mentioned below
can be formulated both for the real and the complex numbers. Here we have chosen
to present the complex versions, but if the same also applies to the real case we have

added the symbol [R] in the corresponding header.

Definition 0.1. [R] A complex valued sequence is a function f : N — C. We

denote by C* the set of all complex valued sequences i.e.
C® ={f| f :N—>C}.

For two elements f,g € C>* and o € C we define the addition + and the product -
by

i (f+9g)(n)=f(n)+g(n) for all n € N,

ii. (a-f)(n)=a- f(n) for all n € N.
Exercise 0.2. [R]| Prove that the triple (C*>, +,-) is a complex linear space.
Remark 0.3. [R] If n € N and f € C* we often write f,, instead of f(n).

Definition 0.4. [R] A linear difference equation of degree k with constant

complex coefficients is an equation of the form

(1) Ckln + Ck—1Qn—1 + *** + Coln—k = Gn,
where cq, ..., c; are complex numbers such that ¢y # 0 # ¢, g € C> is a sequence
and a,, ..., a,_; unknown complex numbers. If g = 0 then the equation is said to be

homogeneous, but non-homogeneous otherwise.
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Definition 0.5. [R] A solution to equation (1) is a sequence f € C* such that

Ck:fn + Ck:flfnfl + -+ COfnfk = Gn,

for all natural numbers n > k

1. THE HOMOGENEOUS CASE

Proposition 1.1. [R] Let ¢, ..., ¢; be complex numbers, such that ¢y # 0 # ¢; and
V' be the set of all solutions to the homogeneous linear difference equation cia,, +

Cl—1Qp—1 + -+ coap—p = 0 i.e.
V= {f € COO| Ckfn + Ckflfn71 + -+ Cofn,k =0 forn > /{}
Then V' is a linear subspace of C*>.

Proof: [R] Let f,g € C* be solutions to the equation and «, 5 € C, then

cx(afn + Bagn) + ch—1(afn—1 + Bgn-1) + -+ colafr—r + BGn—t)
= alepfn+ horfa1+ -+ cofur) + B(Chgn + Ch—1Gn-1+ -+ + C0Gn—k)
= 0.

This proves that for every a, 5 € C the sequence (af + 3¢g) is an element of V', which

implies that V' is a linear subspace of C*.

O

Proposition 1.2. [R] Let cg, . . ., ¢k, ag, a1, - . ., a1 be complex numbers, such that

co # 0 # ¢. Then the linear homogeneous difference equation

(2) Crlp + Ch_1Gp_1 + -+ + Coy_ = 0,

has a unique solution f € C* which satisfies the following initial conditions:
fo=ao, fi=a1,..., feo1 = g1

In particular the linear space V' of solutions to the homogeneous equation (2) can be
described by k parameters, so dim(V') < k.

Proof: [R] We have assumed that ¢; # 0, so for each n > k we have

Jo=—(cho1foo1 + -+ cofni)/ck



The function values fy, f1,..., fr_1 are given by the initial conditions, so it follows

from the induction principle that the sequence f € C* is uniquely determined. 0

Definition 1.3. [R] For complex numbers cy, . . ., ¢k, such that co # 0 # ¢, we call
pN) = AN o N e+ e

the characteristic polynomial of the homogeneous linear difference equation

Crlp + Ch—10p_1 + -+ + Cop_ = 0.

Proposition 1.4. [R] Let Ay be a non-zero complex number. Then the sequence

f :m— Ay is a solution to the homogeneous linear difference equation
Crlpy + Cp_1Gp_1 + -+ -+ cop_ = 0.
if and only if \j is a root of the corresponding characteristic polynomial.
Proof: The result follows directly from
Cefn + Cho1fuo1 + -+ i fokg1 + Cofr—k
= A F e N g AR g\

= NN e o).
OJ
The following result is well-known but rather messy to prove in its full generality.
The reader should note that we have left out the symbol [R].

Proposition 1.5. Let ¢, ..., cr, aqg, aq, ..., ar_1 be complex numbers, such that ¢y #

0 # ¢ and Aq, ..., \; be the roots of the characteristic polynomial

p(A) = (ck)\k + -+ a+ o),

with multiplicities mq,...,m;. Then the k = mq; + mo + - - - + m; sequences
. n . n . mi—1lyn
fipiin— ] fi2 in—nA] fim, tn—= 0™
. n . n . ma—1yn
foqin = Ay foo :m = nAS foms = RTINS

. n . n . mi—1yn
fiain— A\ fr2 i = n\ ftome s TN
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are linearily independent solutions to the homogeneous linear difference equation
CrQp + Ch—1Qp_1 + -+ -+ CoGp_ = 0.

Exercise 1.6. Prove Proposition (1.5) for the special cases when k = 1,2, 3.

The next Theorem gives a nice description of the solution space in the complex

case. For the real case see Theorem (1.10).

Theorem 1.7. Let ¢, ..., c; be complex numbers, such that ¢y # 0 # ¢,. Then the

set V' of all solutions to the homogeneous linear difference equation
CrQyp + Cp—1Qp—1 + -+ + CoQp_f = 0
is a k-dimensional complex linear subspace of C*.

Proof: This follows directly from Propositions (1.1), (1.2) and (1.5). -

Lemma 1.8. Let the real numbers cg, cq, . . ., ¢; satisfying ¢o # 0 # ¢ be the coeffi-

cients for the homogeneous linear difference equations
(3) Crly + Ch—10p_1 + -+ + Cop_ = 0.

Then the following conditions are equivalent
i. f € C* is a solution to (3),
ii. f € C™ is a solution to (3),
iii. Re f € R*® and Im f € R*> are solutions to (3).

Proof: The sequence f € C* is a solution to equation (3) if and only if ¢ f, +
Ck1fn-1+ -+ cofn_r = 0 for all n > k. By conjugating this equation and using
the fact that the coefficients are all real we obtain the equivalent equation ¢ f, +
ck,lfn,l + -+ cofn,k = 0 which holds for all n > k. But this means that the
sequence f € C™ is a solution to equation (3). From this we conclude that i. and ii.
are equivalent.

As a direct consequence of the definitions of the real and imaginary parts of f € C*

we have

(4) Re f=(f+/)/2 Im f=(f—[)/2i



and
(5) f=Ref+ilmf f=Re —ilm f

It follows from the fact that the solution space V is complex linear and equations
(4) that i. and ii. imply iii. Similarily we can conclude from equations (5) that iii.
implies i. and ii. -
Example 1.9. Let a and  be real numbers. Then the characteristic polynomial of

the linear difference equation
(6) an — 20a,_1 + (0 + Ha,_2 =0

is given by

p(A\) = A% — 2aX + (a® + (7).
This polynomial has the complex roots Ay = a + i and Ay = a — i3. According to
Proposition (1.5) the sequences f : n +— (a+i3)" and f : n — (a—i3)" form a basis
for the two dimensional solution space V. Writing a + i3 in polar form re? we see

that the two sequences are given by

f:nw— rte™? and finerle”

o
Following Lemma (1.8) we see that the real valued sequences

Re f:n+— r" cosnf and Im f:nw+— r"sinnd

are linearily independent solutions to the homogeneous linear difference equation (6)

with real coefficients.

The next result corresponds to Theorem (1.7) and gives a description for the solu-

tion space in the real case.

Theorem 1.10. Let ¢y, ..., c; be real numbers, such that ¢y # 0 # c;. Then the set

V' of all solutions to the homogeneous linear difference equation
Cklp + Ch—10n_1 + -+ + Colp_p =0

is a k-dimensional real linear subspace of R*.
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Proof: The coefficient of the characteristic polynomial are all real, which means that
its roots are either real or come in pairs {(a + i), (& — i3)}. Then we can use the
method of Example (1.9) on the independent solution of Proposition (1.5) to obtain
k independent solutions in R*. It then follows from the real version of Propositions

(1.1) and (1.2) that the solution space is a k-dimensional real subspace of R>. 0

2. THE NON-HOMOGENEOUS CASE

Lemma 2.1. [R] Let ¢,..., ¢, be complex numbers, such that ¢y # 0 # ¢, and
g € C>®. If h € C* is a solution to the non-homogeneous equation
CkQp + Cp1Qp_1+ -+ + Coln_k = Gn,
then the following conditions are equivalent:
i. f € C* is a solution to the corresponding homogeneous equation,

ii. (f+ h) € C= is a solution to the non-homogeneous equation.

Proof: This result follows directly from

c(f+h)n+ca(f+h)pa+-+colf +h)nk — 9n
= (cpfu + ch—1foo1 + -+ cofni) + (ckhn + chorhpn_1 + -+ - + cohp—r) — gn

= Cifn Tt Cho1fo1+ - Fcofok- -

Theorem 2.2. [R] Let cg, . .., ¢x be complex numbers, such that ¢q # 0 # ¢, g € C*
be a sequence and h € C*> be a solution to the non-homogeneous linear difference
equation

CrQp + Cp1Qp_1+ -+ + Colpn—k = Gn-
Further let V' be the solution space to the corresponding homogeneous equation.

Then the set S, of all solutions to the non-homogeneous equation is given by
Sg=h+V={h+fecC” feV}

Proof: This result is a direct consequence of Lemma (2.1). 0
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