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Abstract

The aim of this Master’s thesis is to be the first survey of known
results on polynomial harmonic morphims between Euclidean spaces.
These were first studied by Baird in [4] in the early 1980s. He obtained
several results on the subject but left open the, still unsolved, classifica-
tion of such maps. In the article [25] from 1995, Eells and Yiu classified
the homogeneous polynomial harmonic morphisms whose restrictions
to spheres are again harmonic morphisms to spheres. These are the
well known Hopf polynomials of degree 2. This result revitalized the
subject and soon thereafter, Ou obtained a complete classification of
the homogeneous polynomial harmonic morphisms of degree 2. During
the preparation of this thesis, a very interesting development has taken
place with Ababou, Baird and Brossard writing the article [1], proving
that this is still a very active area of research.

In Chapter 1 we discuss the Weierstrass representation of minimal
surfaces as a motivating example and the history of general harmonic
morphisms, beginning with Jacobi some 150 years ago.

Chapters 2 and 3 are devoted to the introduction of harmonic maps
and harmonic morphisms where we also derive some of their basic prop-
erties.

In Chapter 4 we then study polynomial harmonic morphisms. We
show that every globally defined harmonic morphism between Eu-
clidean spaces of sufficiently high dimensions is necessarily polynomial.
We give the complete classification due to Ou of those homogeneous
of degree 2 and discuss some examples of higher degree. A general
method for constructing non-trivial examples is provided and we make
a conjecture on the structure of polynomial harmonic morphisms based
on known results on those of degree 2.

In Chapter 5 we use the results of Chapter 4 to give a new proof of
the above mentioned result by Eells and Yiu regarding homogeneous
polynomial harmonic morphisms between Euclidean spheres. Finally,
we show how the results derived so far can be used to give information
concerning the singularities of general harmonic morphisms.

It has been my firm intention throughout this work to give references
to the stated results and credit to the work of others. The only results
I claim are mine will appear in chapter 4 and 5 and have been marked
with an asteriz [%]. Any statement, example or proof left unmarked, is
considered to be too well known for a reference to be given.
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CHAPTER 1

Introduction

1. Motivation

The study of harmonic morphisms involves to a large extent the
study of harmonicity and minimal submanifolds, two concepts which
themselves are strongly related. In this section we illustrate this rela-
tionship with an example from classical differential geometry relating
the mean curvature of a surface in R? to the Laplacian of the coordinate
functions. For details see [19].

A regular parametrized surface is a C*-map

X:UCC—oR

where U is open and connected. The map X is assumed to have injec-
tive differential, so that along the image X (U) in R* we have a normal
vector field
X ., 9X
N = ou X o
C9X  0X ¢
ou v
It is customary to use the following notation:

wl P o) o ln

2

E:‘

and
0*X 0*X 0*X

e=(Mga) =g 9=(N5a)
Then the mean curvature of the surface is defined as
leG+gE —2fF
2  EG  F?
and X is said to be a parametrized minimal surface if the mean curva-
ture vanishes everywhere.

Now let V' be a relatively compact subset of the domain U and h
be a C!-function on V. Then

Xi(u,v) = X(u,v) + th(u, v)N(u,v)

1
H= —§trace(dN) =
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is called the normal variation of X (V) determined by h. The following
very geometric result motivates the name minimal (see do Carmo [17]
for a proof):

Theorem 1.1. Let X : U — R? be a regular parametrized _Cz—
surface. Then X 1s minimal if and only if for every bounded V-C V C
U and every normal variation X; of X(V') we have

d _
aArea(Xt(V)) —0 =0.

It is well known that every regular C2-surface in R® may locally
be parametrized by isothermal coordinates i.e. coordinates for which
E = G and F = 0. Let us therefore assume that X is isothermal. Then
we have for the Laplacian A(X) of X:

0X 0X 0*X 0X 0*X
(G 20) = (G 5 ) (Fu 57)
0X 0*X 0’°X 0X
(G 7)) Bora 7))
100Xz 10 9X?
=304 9a| 204 v
=0

90X
and similarly <8—’ A(X)> = 0. Hence A(X) is normal to the surface
v

and
ety <N,A(X)>‘

H—
2F 2F

This implies the following.

Theorem 1.2. If X : U — R® is a parametrized C*-surface with

%—f|2 = %—f|2 and <86—):, %—f) = 0, then X is minimal if and only if X is

harmonic.

In the spirit of Theorem 1.2 a minimal parametrized surface can be
defined as a map

X:UCC—PR
satisfying

0X |2 B 0X |2 <8X 0X >
oul ovl’ ou’ Ov
and

A(X) = 0.
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If we in addition to this assume that U is simply connected, it follows
from elementary complex analysis that there exists a holomorphic map
U : U — C? such that

X =Re V.

That X is isothermal is then equivalent to
0¥, 0¥y, ,0VU3,,
= 0.
(5 )+ () +(50)
Choosing ¥ suitably leads us to the famous representation by Weier-
strass:

Theorem 1.3 (The Weierstrass Representation). [57] Let U be an
open, simply connected subset of C and X : U — R® a parametrized
surface satisfying

0X 12 |0X 2 0X 0X
oul  lov <%’ W>

and
A(X) =0.

Then there is exists pair of meromorphic functions f,g in U such that
f and fg* are holomorphic, f,g # 0 and

X(2) = X(20) + Re / F)((1 = g(w)?),i(1+ g(w)?), 2g(w))dw

for all zg € U. Conversely, every pair f,g of meromorphic functions
as above define a minimal parametrized surface in this way.

In the next section we shall see how the results presented here
demonstrate a certain duality between minimal conformal immersions
and harmonic morphisms.

2. History

The history of harmonic morphisms is generally thought to have
begun with the article [44] of Jacobi from 1847 on the solutions of
Laplace’s equation in three dimensions. Here Jacobi investigated nec-
essary conditions for a complex valued function ¢, defined on an open
subset of R? such that for any holomorphic function f, the composition
f o ¢ is harmonic i.e.

AN(fo¢)=0.
A harmonic morphism though ought to be a map that in some sense
preserves a harmonic structure. It was for that purpose, more than
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a century after Jacobi, that harmonic morphisms were formally intro-
duced by Constantinescu and Cornea in [18] in the context of harmonic
spaces in abstract potential theory.

In general, a harmonic space (in the sense of Brelot, see [15]) is a
locally compact Hausdorff space X endowed with a sheaf 7, assigning
to each open subset U of X’ a real subspace H(U) of the continuous
functions on U such that the following conditions are satisfied:

1. X has an open base for its topology consisting of regular sets.
A regular set is an open, relatively compact subset V' of X with
non-empty boundary 0V, such that for every continuous function
f on 9V, there is a unique element Hy € H(V') which can be
extended to V and equals f on V. Furthermore, if f > 0 then
H{ >0.

2. If U C X is open and connected and {uq}aca is an up-directed
family in #(U), then either sup,. 4 uq isin H(U) or supye 4 o =
+o00.

For an open subset U of X we call #(U) the harmonic functions on
U. It is well known that R" is a harmonic space with the harmonic
functions as solutions to Laplace’s equation. More generally, every
Riemannian manifold is a harmonic space with the harmonic functions
as zeros to the Laplace-Beltrami operator. These results are essentially
due to R. M. Hervé who showed (see [40], Chapter 7) that the solutions
to a uniformly elliptic equation

= O*f . 0f

ik=1 i=1

with coefficients a;;, b; and c locally Lipschitz in a domain 2 C R™
defines a system satisfying the axioms of a harmonic space.

As defined by Constantinescu and Cornea in [18], a harmonic mor-
phism is a continuous map

X =X

between harmonic spaces X and X’ such that for every open U C X'
and harmonic function f on U, the composition

fogb:gb*l(U)%R

is harmonic. Since every harmonic function on C is locally the real part
of a holomorphic function, we see that this is exactly what Jacobi was
investigating. The aim of Constantinescu and Cornea was to generalize
results from the theory of Riemann surfaces to harmonic spaces, with
harmonic morphisms replacing the holomorphic maps.

8



Some decade after Constantinescu and Cornea’s article, Fuglede
and Ishihara published, independently, their investigations on harmonic
morphisms in Riemannian geometry (see [28] and [43]). Their results
showed that in the special case when the harmonic spaces are Riemann-
ian manifolds, the harmonic morphisms are rich in geometric features,
with several interesting applications and problems.

If we return to Jacobi for a while, assume that ¢ : 2 — C is a
harmonic morphism, where 2 C R® is open. By choosing f(w) = w for
w € C we see that ¢ is in fact smooth. Furthermore for a holomorphic
function f, whenever the composition is defined, we have:

0=~A(fo9)
— o (G2 + Gy + () + 520(0)

Since f may be chosen arbitrary we see, in this case, that the following
two conditions are necessary and sufficient for ¢ to be a harmonic
morphism:

i) The map ¢ is harmonic, that is

’o P66

ox?  0y? 022 =0
i1) the map ¢ satisfies
0, 09, 0P,

These conditions were obtained by Jacobi and both Fuglede and Ishi-
hara noticed that they have natural generalizations to the case when
¢:(M,g) — (N,h) is a map between arbitrary Riemannian manifolds.
These generalized conditions together remain necessary and sufficient
for ¢ to be a harmonic morphism.

The condition ) says that ¢ must be a harmonic map. Such maps
were introduced as maps ¢ : (M, g) — (N, h) which are, in the sense of
the calculus of variations, the critical points of the energy functional

1
B(o) = [ 1aotw

The manifolds M and N are here assumed to be compact and oriented,
but the Euler-Lagrange equation of this variational problem makes it
possible to define harmonic maps between arbitrary Riemannian man-
ifolds. The first formal definition of a harmonic map was given by
Fuller in the year 1954 in [30] after some preliminary work by Bochner

9



and Morrey. A thorough investigation of harmonic maps was also con-
ducted by Eells and Sampson some decade later in their celebrated
article [24].

If we write ¢ = ¢, + i, in the special case of N = C, then the
second condition i) obtained by Jacobi is equivalent to

lgrad(¢1)|* = |grad(¢s)[*,  (grad(¢1), grad(¢s)) = 0.

This means that for z € Q, either d¢, = 0 or grad(¢;) and grad(¢,)
span a 2-dimensional subspace of T,R?* = R? which is mapped confor-
mally onto Ty,)C = C by d¢,. This is expressed by saying that ¢ is
horizontally weakly conformal.

If we compare the equations i) and i) with those obtained in the
previous section for minimal isothermal parametrized surfaces, we see
the duality mentioned earlier: the concept of a harmonic morphism is
in a sense dual to that of a harmonic conformal map.

The harmonicity and the weak horizontal conformality give the the-
ory of harmonic morphisms both analytic and geometric dimensions but
also make the question of existence very difficult, since we are dealing
with an over-determined non-linear system of partial differential equa-
tions.

Soon after Fuglede and Ishihara, several mathematicians followed
in the study of harmonic morphisms. To solve the question of exis-
tence, attempts were made to classify harmonic morphisms in different
contexts. Jacobi had himself investigated the conditions for a function
F = F(z,y,2z,w) where (z,y,2,w) € R® x C, such that every local
solution w = ¢(z,y, z) to the equation

F(z,y,z,w) =0

is a harmonic morphism. He proved that this is true if F'is holomorphic
in w and a harmonic morphism in the first three variables. In particular
he studied the case when the equation is given by

A(w)z + B(w)y + C(w)z = 1,
where A, B and C are holomorphic functions satisfying
A*+ B*+C? =0.

In the late 1980’s, Baird and Wood gave in [8] a complete classification
of harmonic morphisms from domains of R? to any Riemann surface N2.
This was one of the first classification result for harmonic morphisms
and could be seen as a complete solution to the problem posed by
Jacobi. Their result is essentially that every harmonic morphism ¢ :

10



Q C R® — N? arises as a local solution 0 = ¢(z,y, z) of an equation
of the kind:

(f(w)(1 = g(w)?),i(1+ g(w)?), 2g(w)), (z,y,2)) = 1,

for two meromorphic functions f, g : N> — CU{co}. With the duality
mentioned earlier in mind, this should be compared with Theorem 1.3.
After this result was published, the theory of harmonic morphisms
has grown rapidly as can be seen on the Bibliography of Harmonic
Morphisms [38]. At present, Baird and Wood are writing the first
book [11] on the subject.

11
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CHAPTER 2

Harmonic Maps

Throughout this work we shall by a Riemannian manifold (M™, g)
mean a smooth (i.e. C), real connected manifold of dimension m
together with a smooth Riemannian metric g. The dimension m is al-
ways meant to be finite. We denote by VM the Levi-Civita connection
of M associated with the metric g and by MFfj its coefficients. The
letters M, N and P are reserved to mean Riemannian manifolds. All
maps M — N and functions M — R are unless otherwise stated un-
derstood to be smooth and so is any section of a smooth vector bundle
¢ :V — M over M. We denote by C*°(V) the totality of such sections.

In this chapter we present the basic notion of a harmonic map be-
tween Riemannian manifolds. To do this in an invariant way, we first
introduce the second fundamental form of a map in terms of vector
bundles and sections, thus relating it to the common notion of the sec-
ond fundamental form of an immersion and its mean curvature vector.
For a deeper exposition of harmonic maps we refer the reader to the
reports [20], [21], [22] and the books [56] and [60].

1. The Second Fundamental Form

In this section we shall define the pull-back bundle of a map between
Riemannian manifolds and equip it with a suitable Riemannian metric
together with a compatible connection.

Definition 2.1. Let ¢ : M — N be a map. The pull-back bundle
of ¢ is the bundle n : ¢ }(TN) — M over M with

¢ H(IN) ={(z,v) |z € M, v € Tyw)N}
and
n(z,v) =z forx € M, v € Ty N.

Thus ¢ ' (TN) is the induced vector bundle of TN by ¢. Obviously,
if n is the dimension of IV, this is an n-dimensional vector bundle over
M: for € M choose a neighbourhood U of ¢(z) in N and a smooth

13



trivialization ¢ : UxR"® — 7~ '(U), where 7 : TN — N is the canonical
projection. Then

¢ H(U) xR > (y,0) = (y,9(e(y), v) € (¢ (U))
is a smooth trivialization of n='(¢'(U)). A section Ve C*®(¢ '(TN))
of the pull-back bundle is by definition a map
V:M-— ¢ '(TN)
such that
Vi € Ty N

for every x in M. Thus for Z € C®(TN), x — Zy(, is an element
of C*(¢ *(T'N)) denoted by ¢*(Z) or simply Z. Another important
example of a section of ¢ '(TN) is the map

M >z — do,(X,)
for a section X € C*(TM) of the tangent bundle of M.

Definition 2.2. By a smooth variation of ¢ : M — N we mean a
family ¢; of maps ¢; : M x (—€,¢) — N, € > 0, such that ¢y = ¢.

If ¢; is a smooth variation of ¢ then
8¢t($)
5 iy € L@ N = Ty N
is a section of ¢~ *(T'N). Conversely, for a section V € C*®(¢ }(TN))

define a family ¢;(z) =expg() (tVy). If N is complete this will be defined
throughout M x R and

0¢y(x)
ot

M3z~

= d(eXp¢(w))0(Vw) = Vw

t=0
Thus we have:
Proposition 2.3. If N is complete then for a map ¢ : M — N,
every section in C®(¢~'(T'N)) is of the form
8¢t($)
ot

for some smooth variation ¢; of ¢.

Since we have V, € Ty N for a section Ve C*®(¢ '(T'N)) and
x € M, we may define a Riemannian metric, also denoted by h, on
¢~ (TN) by

M3z~

for x € M and sections V,W € C*(¢ ' (TN)) of the pull-back bundle.
Thus we have made ¢~ '(T'N) into a smooth Riemannian vector bundle

14



over M. Our next step is to define a connection on ¢~'(T'N) compatible
with h. For X|Y € C®°(TM) and « € M choose a curve v : (—¢,€) —
M with v(0) = = and 7'(0) = X,. Let P,; : T,M — T,y M denote
parallel transport along . Then from the compatibility of the Levi-
Civita connection on M we have

d -1

(2.1) Vﬁ‘(/fy(x) = dt t:0P7’t (Yv(t))-

It is therefore natural to make the following definition:

Definition 2.4. The pull-back connection of ¢ : M — N is the
connection

V?:C0®(TM) x C*(¢ " (TN)) — C*(¢ "(TN))
on ¢ (T'N) defined by

d _
ViVi(z) = 7 t:0P¢017,t(V7(t)),

forz e M, X € C®°(TM),V € C®(¢"'(TN)) and v : (—¢,¢) = M a
curve with v(0) = z, 7/(0) = X,. Here Pyoyt : Tya)N — Ty N is
the parallel transport along ¢ o 7.

It is a direct consequence of Definition 2.4 and equation (2.1) that
for Z € C*°(T'N) we have:

d -1

22) V42w =1| P,

(Zsorty) = ¢ (Vag,x)2) ().

It is easy to see that V? is a well defined connection on ¢ 1(TN)
and uniquely determined by equation (2.2). Furthermore it is an easy
consequence of the fact that parallel transport is an isometry that V¢
is compatible with the metric h on ¢ (T'N) (see [21], page 4 and [56],
page 126).

Proposition 2.5. If ¢ : M — N is a map and X,Y € C*°(TM),
then

V%dp(Y) — V9dp(X) — dg([X,Y]) = 0.

PRrOOF. Since the left hand side is tensorial in X and Y, it is enough

to prove the statement for X = 82,- and Y = % for local coordinates

(z*) around z € M. For that purpose we choose local coordinates (y*)

15



on N around y = ¢(z). Then

0 8¢ 0 dp™ 0
] dol(—) — ¢ -r 2 ¢ _
v@ii ¢(893J') V Z OxJ Qy~ ;vazj oxt Jy

_Z a2¢a B 82¢a)
B Oxt0xd  OQxidx'’ Oy~

Z 0 0P 0
+ - ¢ 3 Vd)a ).
8:51 2 Oy® Ozt 50 Oy™
The symmetry of the second derivatives implies that the first sum in

the last expression vanishes. The second is also zero since by equation
(2.2):

00" s 0 0000y D
Oxi 57 Oy — 0l Oa 3.8 Oy°
06" 90 0
83:7 8:5’ = Oy

~ aqsﬂ oo 0

Ozt 555 9yP
0

On the cotangent bundle 7*M of M we have a metric g* obtained
by identifying A\, o € Ty M with their inverse images in 7, M under the
isomorphism

T,M > Z v g,(Z, - ) € T*M.
Thus if A = g,(X, - ) and 0 = g,(Y, - ) for some X, Y € T, M, then
92(X,0) = g2(X,Y).
On the tensor product T*M ® ¢ '(T'N) we may then define a metric
(-, )by
ARV, o @W)(z) = g* (X, 0)he)(V, W)

for \,oc € C®(T*M) and V,W € C*®(¢ *(T'N)). Since the differential
d¢ of ¢ is a section of T*M ® ¢ '(T'N) we get by definition

(d, dd) (x Zh¢ (ddq(e:), doa(ei))

= traceggé h(zx),

16



where (e;) is any orthonormal base of the tangent space T, M.

Recall that on T* M we have a connection V* dual to VM given by
(Vxo)(Y) = X(o(Y)) — o(VXY)

for XY € C*°(TM) and 0 € C®(T*M), i.e. V* is the ordinary co-
variant differential of 1-forms on M. Thus we may define a connection
on C®(T*M ® ¢ *(TN)) by the following:

Definition 2.6. For a map ¢ : M — N, V is the connection on
C®(T*M ® ¢ '(T'N)) given by
Vi(A@ V)= (Vi) @V +A® (V4V)
for X € C®°(TM), A € C®*(T*M) and V € C*(¢ *(TN)).

That V is a well defined connection on T*M ® ¢ (T'N) is clear and
it is easy to verify that it will be compatible with the metric ( -, - ).

Definition 2.7. For ¢ : M — N the second fundamental form of
¢ is the covariant derivative Vd¢ of d¢ by V.

By definition we have:
(23)  Vd(X,Y) = (Vxdg)(Y) = Vidg(Y) — d¢(VXY)
for X, Y € C°(TM). Using Proposition 2.5 it is easy to see that the
second fundamental form
Vdg : C®°(TM) x C®(TM) — C*®(¢ *(TN))
is symmetric and tensorial i.e. bi-linear over the ring of smooth func-

tions M — R

Definition 2.8. For a map ¢ : M — N the tension field of ¢ is
the trace of the second fundamental form of ¢:

7(¢) = trace(Vda).
For maps ¢ : M — N and ¢ : N — P we write dw(@dqﬁ) for the

section diy(Vde(-)) and Vdip(de, dp) for Vdiy(de(-), d¢(-)). From the
chain rule we now deduce the following:

Proposition 2.9. If¢: M — N and : N — P are maps between
Riemannian manifolds, then

Vd(y o ¢) = dp(Vdg) + Vdi(dg, dg)

and
(4 0 ¢) = dib(r(¢)) + trace(Vdy(dg, dg)).

17



2. Harmonic Maps

We now have the proper tools for defining the concept of a har-
monic map between Riemannian manifolds and to derive its funda-
mental properties.

Definition 2.10. Let M and N be Riemannian manifolds. A map
¢ : M — N is said to be harmonic if its tension field vanishes every-
where:

7(¢) = 0.
We also define a stronger related concept:

Definition 2.11. Let M and N be Riemannian manifolds. A map
¢ : M — N is said to be totally geodesic if its second fundamental form
vanishes everywhere:

Vde = 0.

We see from Proposition 2.9 that the composition of two totally
geodesic maps is totally geodesic but that this need not be true for two
harmonic maps. As indicated in the previous section the theory has a
close connection with the calculus of variations. We therefore proceed
to give a variational characterization of harmonic maps.

Definition 2.12. Let M and N be Riemannian manifolds and as-
sume that M is compact and oriented. For a map ¢ : M — N the
energy functional is the integral

1
B(6) = [ 1doPs

where v is the volume form of M and |d¢|* = (d¢,d) is the squared
norm of d¢ as defined in the previous section. The map ¢ is said to be
a critical point of the energy functional if

d
%E(Cﬁt)

for any smooth variation ¢; of ¢.

=0.
t=0

Theorem 2.13. [24]| Let M and N be compact Riemannian man-
ifolds. If M 1is oriented then a map ¢ : M — N s harmonic if and
only if it is a critical point of the energy functional.

PROOF. We mainly follow Urakawa in [56]. Let ¢; be a smooth
variation of ¢ and write ®(¢t,z) = ¢¢(z) : (—€,€) x M — N. Choose
a local orthonormal frame (e;) of the tangent bundle 7'M and write

18



e; for (0,e;) as vector fields of the product manifold (—e, e) x M. By
Proposition 2.5 we have

V% dd(e;) = Vfd@(g).
ot ' ot

For |t| < €, define X; € C*(TM) by

9(X, V) = h(dB( ), da(Y))

for an arbitrary Y € C*°(TM). Then

thzh (dB(e Zh vjtdé( e:), d®(e;))
_ Zh v“’dcb ), d®(e;))
0 M
_ Z (ei (Xi, €)) = h(d®(52), d@(V, )))
_ Zh (d2(o, ), Vd®(e;, ;)

= div(X,) — h(d@(%), Zd@(ei, ei)).

The integral of the first term vanishes by Stokes’ theorem. Thus we
d
(2.4) —E(¢1)

obtain
B 96,
SEg) =~ /M W e

Since this holds for any smooth variation ¢; of ¢ the statement follows.

O

Remark 2.14. Equation (2.4) is generally refered to as the first
variation. As mentioned in the previous chapter, harmonic maps were
originally introduced as solutions to this variational problem. Intu-
itively, deforming ¢ in a manner that increases the “topological irregu-
larity” (Fuller [30], page 987) of ¢, will also increase the energy E(g).
Thus the idea was to find harmonic representatives in each homotopy
class of maps M — N to be used as homotopic normalizers of given
maps. This was the main theme of the article [24] of Eells and Sampson
where the following result was achieved:

Theorem 2.15 (The Eells-Sampson Existence Theorem). [24] Let
(M,g) and (N,h) be compact oriented Riemannian manifolds where

19



(N, h) has non-positive sectional curvature. Then any homotopy class
of continuous maps (M, g) — (N,h) has an energy minimizing har-
monic representative.

For more details on the Eells-Sampson Existence Theorem and its
history we refer to the book [56] of Urakawa.

For a function f : M — R and a local orthonormal frame (e;) for
the tangent bundle T'M of M we have

7(f) = trace(Vdf)
— wa(ei,ei)
_ Z (VI df(e;) — df (VMe,))
— Z ei(ei(f)) — VMei(f))
- ig(v,’;’grad fei)

= div(grad(f))

and we recover the familiar Laplace-Beltrami operator AM=div(grad)
on M. For this reason we shall in the case of a function henceforth
write AM instead of 7.

Choosing local coordinates (z*) and (y*) around points * € M™
and y € N" with y = ¢(z) for ¢ : M — N, a straightforward calcula-
tion gives

(2. 5)
Zg” Vdg)s,
P "
— ij - ij M1k ij N Yy
Zg axaxﬂ ,Zg F”a + 2 9T 5 5
2,5,k 1,3,8,7

PP D

_ M/« z Npa e

= AM(g H%:v INTs e

for a = 1,...,n. This implies that if N = R” then ¢ is harmonic if
and only if each of its components are harmonic functions and
(¢) = (AM (1), ..., AM(")).
Example 2.16. Let I be an open interval of R, v : [ — M be
a regular curve on M and (z¥) local coordinates on M. Then from

20



equation (2.5) we get:

dQ'yk d’yi dvj
ko Mpk @7 47
)=t Ut dr

Thus v is harmonic if and only if it is a geodesic.

Example 2.17. If ¢ : M™ — N" is an isometric immersion we
may identify X € C®(TM) with d¢(X) € C®(¢ (T N)) and consider
T, M to be a subspace of Ty(,;)N for x € M. Since for X,Y € T, M:

Vi) ds(Y) = Vd¢(X,Y) + dg(VYY)

and we see that Vd¢ is the second fundamental form of M in the
classical sense i.e. the orthogonal projection of VY onto the normal
space (T, M)~ with the identification mentioned above. Recall that the
mean curvature vector of M in N is the trace of the second fundamental
form divided by m and that ¢ is said to be a minimal immersion of M
into N if the mean curvature vector vanishes. Thus we have:

Theorem 2.18. [24] An isometric immersion is minimal if and
only if it is harmonic.

The name minimality is motivated by the fact that if M is compact
and orientable, then ¢ is minimal if and only if ¢ is a critical point of

the volume functional
Vo = [ v
M

where vy is the volume form of M associated with the induced metric
g = ¢*h. Actually, for every smooth variation by immersions (¢;) of ¢
one may prove (see [23], page 21) that

Tvig)| =~ /M P2 @)

—V
Iv(s)

There is a natural generalization of isometric immersions to (weakly)
conformal maps i.e. maps ¢ : (M, g) — (N, h) with ¢*h = u*g for some
function

)
t=0

p: M — R, U{0}

called the conformal factor of ¢. The adjective weak indicates that
may take the value 0 in which case d¢ = 0. Theorem 2.18 can now be
generalized to the following:

Theorem 2.19. Let m > 2 and ¢ : (M™, g) — (N™, h) be a con-
formal immersion. Then
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a) if m =2 then ¢ is harmonic if and only if M is minimal in N.
b) if m > 2 then two of the following conditions implies the other:
1) ¢ is harmonic,
2) M is minimal in N,
3) ¢ is a homothety i.e. its conformal factor is constant.

PROOF. Denote by u the conformal factor of ¢ so that ¢*h = u?g.
We define a new Riemannian metric g on M as the pull-back of h by ¢:
G = ¢*h. If VM and VM are the Levi-Civita connections of (M, g) and
(M, g), respectively, then since § = p?g one may easily deduce that
(see page 90 of [34))

—2 —2 —2
VEY = VY + E-X (02)Y + Y (1) X — Sg(X, Y )grad, (1)
for XY € C°(TM). Here grad, is the gradient in (M, g). Thus if
{X1,...,X,n} is a local orthonormal frame of (M, g) we then have for

1=1,...,m:
2
- ) T
VEX, = VEX; + 17X, (0 X; — ?gradg(/f).
Since ¢ : (M, g) — (N, h) is an isometric immersion it follows that
(Vapx) d0(X0) = Vigx,)do(X:) — do(VY, X)

= Vé\;(xi)dﬁﬁ(Xi) — d¢(VY X;)

1
+ ptde(5grady (i) — Xi(w*) X:)

fort=1,..., m. Hence by summing over ¢ we arrive at
-2
i
mH = 7(¢) + T(m — 2)d¢(grad,(p*))
which immediately proves the theorem. O

The concept of weak conformality is dual to that of horizontal weak
conformality which we will define in the next chapter. We will also de-
rive a result corresponding to Theorem 2.19 for horizontally conformal
maps.

Example 2.20. Let ¢ : M — S™ ! be a map Ainto the unit sphere
in R*, i : 8" ! < R" be the inclusion map and ¢ = i o ¢. Then the
composition law gives:

7(¢) = di(7()) + trace(Vdi(de, dg)).
Note that the first term on the right is tangent to the sphere and the
second is orthogonal to it. Thus ¢ is harmonic if and only if ¢ is parallel
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to 7(¢) i.e. if the tangential part of 7(¢) vanishes. If f(z) = |z|?
x € R*, then

0= AM(f 0 ¢) = df (7($) + trace(Vdf (dp, dg))
= 2((grad £,7(4)) + trace(Vdf (9, d9)))
= 2((¢, 7(9)) + |do ?).
Hence ¢ is harmonic if and only if 7(¢) = —|d¢|%¢.

Example 2.21. If 7 : R" \ {0} — S™ ' is the radial projection
given by m(z) = x/|z|, we see, using the notation of Example 2.20,
that

7(7) = —(n = 1)a| (),
Hence 7 is a harmonic map and |d7,|*> = (n — 1)|z| 2.

Example 2.22. Lety: H"\{0} — S™ ! be given by v(x) = z/|z/|,
where

H' = ({zeR ||o] <1},

4
e
is the hyperbolic space of constant curvature —1. Then we get
. (1 Ja?)?,
T(9)(@) = —(n = )—7———%().

Alz?
Thus v is a harmonic map with |dv,|? = (n — 1)(1 — |z[?)?/4|z|*.

Example 2.23. Let i : S™ ! < R™ be the inclusion and let = €
Sm~1. Choose a local orthonormal frame {ey,..., e, 1} for TS™!
around z and geodesics v : (—€,¢) — S™ ! k= 1,...,n, such that
£(0) = z and 7}, (0) = ex(x) for all k. Denoting by 9/9r the derivation
in the direction normal to S™ ! and using that v, = —9/dr, gives us
at the point z:

(i) = YO = (m 1)
k

r

If F:R™ — R is a function and f its restriction to S™ ! we get
£(f) = AT (F o)
— dF(7(i)) + trace(VdF(di, di))
oF m 0*F
:—(m—l)goz'—i—ﬂlR (F)Oi—woi.
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In particular, if F'is a harmonic polynomial, homogeneous of degree p
then

(2.6) AS"Nf) = —plp+m —2)f.

Hence f is an eigenfunction of AS™ " Tt is well known that all eigen-
functions of AS™ " arise in this way (see [12], page 160).

Suppose that & : R™ — R"” is a harmonic map with each of its
component functions polynomials, homogeneous of degree p and that
® restricts to a map ¢ : S™ ! — S" 1. Denote by i : S™ ! < R™ and
7 :S" 1 — R" the inclusions so that ® oi = j o ¢. By equation (2.6):

T(®oi)=—pp+m—2)Poi.
From Example 2.20 we see that ¢ is harmonic and that
|d¢|* = p(p +m —2).

Example 2.24. Recall that for two Kéhler manifolds (M?*™, g, JM)
and (N?" h, JV) a map ¢ : M — N is said to be +holomorphic (or
simply holomorphic) if ¢ = 0 i.e. if dpJ™ = J¥d¢p and —holomorphic
if 9¢ = 0 i.e. if dpJ™ = —JNd¢. If ¢ is either + or —holomorphic
then ¢ is said to be +holomorphic.

Since M and N are both Kahler, VM JM = JMYM and similar for
N. Thus if ¢ : M — N is tholomorphic and X,Y € C*(T M) (for
simplicity writing J for both J™ and JV):

Vdp(X,JY) = V%dp(JY) — dp(VY JY)
= £J(Vido(Y) — dg(VXY))
= +JVd(X,Y)

= Vdo(JX,Y)
using the symmetry of Vdé. In particular
Vde(JX,JX) = —Vde(X, X).

Hence by choosing a local orthonormal frame {eq,...,em, f1,-- ., fm}
for M with Je; = f; for all i, we get

7(6) = > (Vdg(ei, e;) + Vdg(Jes, Je;)) = 0.

i=1

Thus we see that every +holomorphic map between Kéahler manifolds
is harmonic. This was first proved by Eells and Sampson in [24]. The
converse is not true, take for instance ¢ : C* — C defined by ¢(21, 22) =
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z1Z3. Then ¢ is not +holomorphic with respect to the standard Kahler
structures on C? and C but harmonic since
0? 0?
() = 4( 0 L T? ) =o.
821821 822822
Example 2.25. [24] If G; and G5 are Lie groups with bi-invariant
Riemannian metrics g, and g, respectively, and

¢ : (G1,31) — (G2, g2)

is a Lie group homomorphism, then ¢ is a harmonic map, in fact; totally
geodesic. To prove this denote by g; and go the Lie algebras of G; and
G, respectively. By identifying these spaces with the tangent spaces
at the neutral elements we get an induced Lie algebra homomorphism

Ao : g1 — g2

satisfying d¢(X)(¢(z)) = do,(X,) for any X € g; and z € G;. Fur-
thermore, it follows from the bi-invariance of the metrics that for left
invariant vector fields X, Y on Gy, V3'Y = 1[X,Y] and similarly on
G5. Thus for X, Y € g; we get:

Vd¢(X,Y) = V%dp(Y) — dg(VFY)
1
= Vs do(Y) — Sdé((X,Y))

1 1
= 1d6(X), dg(Y)] — Jd(X,Y])
=0
which proves the statement.

The following very important result was proved by Sampson in [51]
by applying the uniqueness theorem of Aronszajn in [2] to the local
expression of the tension field:

Theorem 2.26 (The Unique Continuation). [51] Let ¢ : M — N
be a harmonic map. If at some point of M all the partial derivatives of
¢ to any order vanish, then ¢ is constant. In particular, if ¢ is constant
on an open subset of M then ¢ is constant on the whole of M.

3. Harmonic Functions

In this section we state some well known results on harmonic func-
tions needed later on. Locally there exists a great variety of harmonic
functions on a Riemannian manifold as the following result by Ishihara
shows (see [43], Lemma 4.1). It is based on an extension of a lemma
by Bers in [13] and will play a crucial role in the next chapter.
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Theorem 2.27. [43] Let z be a point in M™, (z*) be normal coor-
dinates on M centered at x and {c, Cz’j}:'?j,kﬂ constants with c;; = cj;
and ), c; = 0. Then there ezists a neighbourhood U of x in M and a
harmonic function f : U — R such that

af o0 f
@(x) ~ ok OxioxI (z) = i
foralli, 3,k =1,...,m.

Using Bers’ lemma, Greene and Wu proved the next result.

Theorem 2.28. [33] For any x € M there is a chart (U, (z¥))
around x such that all the coordinate functions z* are harmonic.

Definition 2.29. A (smooth) function f : M — R is said to be
subharmonic if

AM(f) > 0.
The function f is said to be superharmonic if — f is subharmonic.

The following result is a direct consequence of the ellipticity of
equation (2.5) (see [31], Chapter 3).

Theorem 2.30 (The Maximum Principle). If f : M — R is a
subharmonic function having a maximum in an open subset of M, then
f s constant.

Corollary 2.31. If M is compact then every subharmonic function
on M 1s constant.

In the special case when M is orientable Corollary 2.31 is due to E.
Hopf and may very well be proved without appealing to the Maximum
Principle. For since AM is a divergence, Stokes’ theorem gives in this
case that

| 2w =0

for any function f : M — R. In particular, if f is subharmonic then
this implies that f in fact is harmonic. Furthermore an easy calculation
gives that

AM(f?/2) = [grad(f)[* + fFAY(f) = |grad(f)[*.
Hence if f is subharmonic we get

0= [ 8/ = [ lgrad(p)e

so f is indeed constant.
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Note that together with Theorem 2.18, the result of Corollary 2.31
implies that there are no compact minimal (even immersed) submani-
folds of R™.

Example 2.32. In harmonic function theory in Euclidean spaces
the following functions are very important:
R*\ {0} > z ~ log ||
and
R™\ {0} 3z x> ™

where m > 3. It is easy to see that they are both harmonic where
defined. If 2 C R™ is open and connected and a € €2 then by a theorem
of Bochner (see [3]), any function u which is harmonic in Q \ {a} and
positive near a is of the form

z— v(z) — clog|z —al, if m =2,
and

s v(r)+clr —a>™ if m>3,
for some constant ¢ > 0 and a harmonic function v in 2. In particular,
if u is harmonic and non-negative in R™ \ {0} with n > 3, it follows

from an application of the Maximum Principle that v is in fact constant.
Hence

u(z) = b+ clz|*™

for some constants b and c¢. Since log |z| is not bounded for large |z|
the same argument can not be applied to a function harmonic and non-
negative in R? \ {0}. Indeed, any such function f must be constant
by the theorem of Liouville (see [3]) since the function f(e?), z € C,
would be harmonic and non-negative in R2.
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CHAPTER 3
Harmonic Morphisms

In this chapter we define harmonic morphisms and prove some basic
facts on these. The key to the theory is Theorem 3.8 which states
that harmonic morphisms constitute a certain subclass of the harmonic
maps; having the additional property of being horizontally (weakly)
conformal. We therefore begin with a description of this concept. In
the last two sections we briefly discuss the existence and non-existence
of harmonic morphisms and study their behaviour on polar sets. All the
results given in this chapter can be found in [38], a regularly updated
list of publications on harmonic morphisms.

1. Horizontal Conformality

A map between Riemannian manifolds of equal dimension is con-
formal if its differential at any point is a conformal linear map with
respect to the Riemannian metrics. Horizontal conformality is a gen-
eralization of this concept to the case when the target manifold is of
lower dimension than the domain.

Definition 3.1. Suppose that ¢ : M — N is a map. At each point
x € M, the vertical space V,, of ¢ is the kernel ker d¢,, of the differential
d¢, of ¢ at x. The horizontal space H, is the orthogonal complement
of V, in T, M with respect to the Riemannian metric g on M.

If the map ¢ is a submersion i.e. d¢ is surjective at each point of
M, then we may associate to ¢ two distributions on M; the wvertical
and the horizontal distribution, asigning to each point € M the sub-
spaces V, and H, of T, M, respectively. A vector field X on M is then
said to be wvertical (horizontal) if it belongs to the vertical (horizontal)
distribution.

By the Inverse Function Theorem, the fibre ¢ !(¢(z)) is a (possibly
disconnected) submanifold of M for every x € M, the tangent plane
of which is the vertical space. Thus the vertical distribution V is inte-
grable and the map ¢ determines a foliation of M which leaves are the
fibres of ¢. From the integrability of VV one may easily deduce that the
horizontal distribution H is in fact smooth on M.

Two vector fields X € C®(TM) and Y € C®(TN) are said to
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be ¢-related if dg,(X,) = Yy, for every £ € M. A vector field
X € C®(TM) is called basic if it is ¢-related to some vector field
Y € C*°(T'N). If in addition X is horizontal, then X is called a hori-
zontal lift of Y. It follows easily that for a given Y € C®°(TN) there
exists a unique horizontal lift of Y which in fact is smooth.

Definition 3.2. Let ¢ : M™ — N™" be a map. The critical set
of ¢ is the set Cy = {z € M | dp, = 0}. The map ¢ : M — N is
said to be horizontally (weakly) conformal if for each z € M \ Cy, the
restriction of d¢, to the horizontal space H, is surjective and conformal.

Example 3.3. Let ¢ : R® — R? be the multiplication of quater-
nions given by
¢($1, Ty -y .Tg) = (.T1£C5 — Tolg — T3L7 — T4lg,
T1Tg + ToXs + T3Tg — T4,
T1T7 — Tolg + T3Ts + T4Zg,
T1Tg + Tol7 — T3Tg + .'E4335).
If we identify R* with the space H of quaternions, then ¢ : Hx H — H

is given by ¢(q1,¢2) = q1g2 for ¢1,¢g2 € H. In the canonical bases we
have

Ty —Tg —X7 —Tg T1 —Tg —T3 —T4

d¢ |l re Is rg —x7 T2 X1 —T4 T3
(g1,42) Iy —Tg Ts Tg T3 T4 Ty —22
rg 7 —Tg Ty T4 —T3 T2 T

Clearly the horizontal space is generated by the rows of this matrix.
Note that these are orthogonal and of equal length |g;|? + |g2|? so if
(¢1,92) # (0,0) and we express a horizontal vector v in the base given
by these rows as v = (ay, as, a3, ay), then

d¢(q1,qz)(v) = (041, Qg, (3, 044)(|C]1|2 + |CJ2|2)-

Thus for horizontal vectors v, w we see that

<d¢(Q1,Q2)(v)v d¢(¢11,Q2)(w)> = (|ql|2 + ‘q2|2)<vv ’LU>.

Hence ¢ is horizontally (weakly) conformal with the critical set con-
sisting of the origin.

The adjective “weak” indicates that the critical set of ¢ may be non-
empty. From now on we shall refer to a horizontally weakly conformal
map as a horizontally conformal map, it being understood that it need
not be a submersion.
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The horizontal conformality of ¢ implies that there exists a function
A: M\ Cy — RT such that for all z € M \ Cy and XY € H,:

N (2)g(X,Y) = h(dge(X), ds(Y)).
For x € M \ Cy and an orthonormal basis (e;) of T, M we have

(3.1) nA\¥(z) = Zh(dgbm(ei), dog(e:)) = |ddg|?,

where n is the dimension of N. Hence A extends in a unique way to
a continuous function on the whole of M also denoted by A, satisfying
equation (3.1). This extended function vanishes on C, and is called
the dilation of ¢. By equation (3.1) A? is smooth on the whole of M.

Example 3.4. If n € N then the Lie group S! C C acts freely on
the unit sphere S?"*! C C"*! by left multiplication and the resulting
quotient space S?"*!/S! may be identified with the complex projective
space CP", the set of complex lines in C**1. More precisely: S?"*!is a
principal fibre bundle over CP™ with structure group S*. If w: S+t —
CP" is the canonical projection then 7 is a submersion, so CP"™ may
be given a Riemannian metric induced by n. With this metric 7 is
a Riemannian submersion, i.e. horizontally conformal with constant
dilation A = 1. The fibres are of course the orbits under the action of

St
7 Y (n(z)) = {e’z | § € R}

for z € S?"*1. The tangent space of the fibre at z is the vertical space
of 7 and so is the real line through x spanned by iz and the horizontal
space is the orthogonal complement of this in 7,S?*

Proposition 3.5. [21]. Let £ : V — W be a non-zero linear map
between finite-dimensional Euclidean vector spaces and & : W — V
be its adjoint characterized by (£*(w),v) = (w,&(v)). Then £ is hori-
zontally conformal if and only if £ is conformal. If in addition, dim
V=dim W, then £ 1s a conformal isomorphism.

PROOF. [21] Suppose ¢ is horizontally conformal with dilation A.
Choose orthonormal bases {v1,...,v,} and {wy,...,w,} of V and W,
respectively, such that &(v;) = Aw; for i =1,...,n and &(v;) = 0if i >
n. Obviously, (£*(w;), vj) = (w;, &(vj)) = Ad;; for i, j =1,...,n. Hence
&*(w;) = Av; for i = 1,...,n so it is clear that £* is conformal. The
converse follows with the same choice of bases and the last statement
is obvious. O
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Example 3.6. If ¢ : (M™, g) — (N™ h) is a map, © € M, choose
local coordinates (z¢) and (y®) on M and N around z and ¢(z) = v,
respectively. It is then easy to see that

(d)" E hap(y ® (grad(¢®))(z).
Define a local frame on N by
- 0
— af —
ea—;_lh g a=1,...,n.

Then h(eq, e5) = h*? and (d¢)*(e,) = grad(¢*). By Proposition 3.5, ¢
is horizontally conformal at = with dilation A(z) if and only if

;00" 99
32 )\ Qhaﬂ - U—,—.
(32 01 = 30"
for a,8 = 1,...,n. It follows that ¢ is horizontally conformal with

dilation A if and only if this holds for any x € M and local coordinates
around z and ¢(z), respectively. In particular, if (y®) are normal at
¢(z), then ¢ is horizontally conformal at z with dilation A(z) if and
only if grad(¢®), @ = 1,...,n, are mutually orthogonal and of equal
length A(z). When N? is a Riemann surface with a Hermitian metric,
then by writing ¢ = ¢! + i¢? in a local holomorphic coordinate, we see
that the horizontal conformality is given by

g(grad(¢), grad(¢)) = 0.

In local coordinates (z%) on M this can be expressed by

¢ 0¢
33 ZJ—.—. = 0
(33) Z_ng O0x* OzJ
In the interesting case when M is also a Riemann surface with a Her-
mitian metric and z = x+1y a complex coordinate on M, then equation
(3.3) reduces to

0y, 00\, _ ,090¢

(3.4) (5, +(a—y) 45.9; =0

In particular, if ¢ is +holomorphic then ¢ is automatically horizontally
conformal.
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2. Harmonic Morphisms

We can now define harmonic morphisms and prove some of their
elementary properties.

Definition 3.7. A map ¢ : M — N is said to be a harmonic
morphism if for every open subset U of N with ¢~ }(U) # 0 and every
harmonic function f : U — R, the composition fo ¢ : ¢ 1(U) — R is
harmonic.

The above definition means that harmonic morphisms pull back
germs of harmonic functions to germs of harmonic functions. It is
therefore immediate that the composition of harmonic morphisms is
a harmonic morphism. A useful characterization for harmonic mor-
phisms is provided by the next theorem, which gives the link between
horizontal conformality and harmonic morphisms.

Theorem 3.8 (The Fuglede-Ishihara Characterization). [28][43]
A map ¢ : M — N is a harmonic morphism if and only if it is harmonic
and horizontally conformal.

PROOF. [21] Suppose ¢ : M™ — N" is a harmonic morphism. If
zy € M, consider systems of local coordinates (z') and (y*) around
and yo = ¢(xg), respectively, where we assume that (y®) are normal,
centered at yy. According to Theorem 2.27 we may for every v =

1,...,n choose a function f defined and harmonic in a neighborhood
of yo with

of 0 f

— = 04 d —— =0

8ya (yO) vy an ayaaylg (yO)
for all a, 3 = 1,...,n. By assumption, the function f o ¢ is harmonic

in a neighbourhood of z, so by Proposition 2.9

0= AM(fo¢) = df(r(¢)) + Vdf (do, dp).

In particular, since at zg:

Vdf = Za aggp " @ dy” =0 and df(7(9)) = 7(¢)"

the above relation implies that 7(¢)Y(zo) = 0. Since this holds for any
v=1,...,n and o € M we conclude that the map ¢ is harmonic.

To prove the horizontal conformality of ¢, we once more apply
Theorem 2.27, by noting that we may for every sequence (Caﬁ)25:1
with cag = g and ) cqa = 0, choose a harmonic function f such
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that

of o0 f
a—ya(yo) =0 and W(%) = Cap
for all @, 3 =1,...,n. Hence we obtain at zg:
0=AM(fog)
= trace(Vdf (d, do))
i 09% 09"
(3.5) = 2 a9 G5 e
a,B8,4,j
.. 0¢* 0¢° . 00 ¢
_ ij it
ggcmg 3xi8w +ag;jng ozt Oxd’

where we as usual write ¢ for y* o ¢. We subtract

O0gt Ot
E : ij
0 Caad ozt OzJ

a,i,j

from equation (3.5) and obtain:
;097 9¢° 99’ 0¢' ;09 0¢°
_ ij _ bt
0 anag (axi Oxi  Oxt arj) 2 Z B et i

o,i,j a<pBi,j

It now follows that

D> 0P
Zg”aiai:0 for all @ # (8 and

- ozt OxJ
O™ Do Z . 0¢ Dg!
E vy_r = y_T — T
- 9" 0zt 0 = 9" 05 00 for all a.

This can be summarized as

Do P
T T

iVj

The last system of equations is equivalent to the statement that the
components ¢ all have orthogonal gradients of equal length, so by

Example 3.6, the map ¢ is horizontally conformal.

Conversely, if ¢ is harmonic and horizontally conformal with dila-
tion A\, U an open subset of N with ¢ '(U) # 0 and f : U — R a

harmonic function, then we have AM(f o ¢) = trace(Vdf(dé, d¢)) on
¢ Y(U). If zg € ¢ '(U), consider once again systems (z¢) of local and

(y*) of normal coordinates around xy and ¢(zy), respectively.
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Then at zy:

. . O%f 0¢* 0¢P
t df (d¢,d¢)) = Y - ——
race(Vdf (d¢, d¢)) a;jg 5o 00 Bat B0
82
= g(grad(¢”), grad(¢”)) —— ! 5
" 9y dy
0% f
_ 2
=2 N ey
= )\2($0)AM(f)
=0.
Thus ¢ is a harmonic morphism. O

Corollary 3.9. [28] If ¢ : M™ — N" is a non-constant harmonic
morphism then ¢ is a submersion on an open dense subset of M, so
m > n.

PROOF. [21] We see that for z € M, if rank d¢, < n, then d¢, = 0.
Hence the set of x € M with rank d¢, = n is open and non-empty. It
is also dense, for if on an open subset we had d¢ = 0, then by Theorem
2.26 we have d¢ = 0 in the whole of M so ¢ would be constant on
M. 0J

Corollary 3.10. [21] A harmonic morphism preserves harmonic
maps, t.e. if ¢ : M — N is a harmonic morphism, v : N — P a
harmonic map, then ¥ o ¢ : M — P s harmonic.

PROOF. Let n = dim N < dim M. At a point z € M, choose
orthonormal bases (e;) for T, M and (f;) for T4, N, such that dé,(e;) =
AMz)fi, 1 <i<nand dg,(e;) =0 for i > n. This is possible since ¢ is
horizontally conformal. Thus at = we get for any map ¢ : N — P:

(¢ 0 ¢) = traceVdy(de, do)

(3.6) = Vdy(dg(e;), d(e;))
i=1
= N (2)7(¥)
which immediately proves the statement. O

A submersion is always an open map as follows from the Implicit
Function Theorem. In view of Corollary 3.9 the following result is
therefore not surprising. For two different proofs see [28] and [21].
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Theorem 3.11. [28] Every non-constant harmonic morphism is
an open mapping.

Corollary 3.12. [28]| If ¢ : M — N is a non-constant harmonic
morphism and M is compact then so is N and ¢(M) = N.

PROOF. By Theorem 3.11 the image ¢(M) is both open and closed
in N. The result now follows from the connectivity of N. O

Example 3.13. The result of Theorem 3.8 gives us simple means
to determine whether a given map is a harmonic morphism or not.
From Example 3.6 we see that ¢ : U C R™ — C, U open, is a harmonic
morphism if and only if it satisfies the following system of differential
equations:

A @) =0, Yy =
—~ Oz

For a map ¢ : M — C a necessary and sufficient condition for ¢ to be
a harmonic morphism is that this holds for every local coordinate (z*)
on M, with A®" replaced with AM and the second equation replaced
with (3.3).

From Example 2.24 we know that any t+holomorphic map from
a Kahler manifold to a Riemann surface with a Hermitian metric is
harmonic. Since the differential of such a map will either commute or
anti-commute with the almost complex structure, it is not hard to see
that it will be horizontally conformal (see [21], Corollary 8.17). Hence
any t+holomorphic map from a Kahler manifold to a Riemann surface
with a Hermitian metric is a harmonic morphism. Example 2.24 shows
that the converse is not true in general.

Example 3.14. A Riemann surface N? can be defined as an ori-
entable surface with a conformal class of Riemannian metrics. A metric
belonging to that class is then said to be compatible with N2.

If ¢ : (M,g) — (N? h) is a harmonic morphism to a surface, it
follows from Theorem 3.8 that if & is a Riemannian metric on N2 which
is conformally equivalent to h, then ¢ : (M, g) — (N2, h) is a harmonic
morphism. In particular, the concept of a harmonic morphism from
(M, g) to a Riemann surface is well defined.

Example 3.15. Let M;, M; and N be Riemannian manifolds and
assume that
QS My X My — N

is a map, where M; X M, is given the product structure and product
metric. Define for x € M; and y € M, the map ¢, : Ms — N by
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¢.(y) = ¢(x,y) and similarly ¢, : M; — N. From the definition of the
product metric it follows that the inclusions ¢; of M; x {y} and iy of
{z} x M, into M; x My, respectively, are totally geodesic embeddings.
Using Proposition 2.9 gives

7(9)(z,y) = trace@dgb(:c, Y)
= traceVde(diy, diy ) (x) + traceVde(dis, dis)(y)

= 7(¢y)(2) + 7(¢2) ().

It follows that if ¢, and ¢, are harmonic for every x € M; and y €M,
then ¢ is harmonic. Furthermore, for a function f : M; x My, — R:

grad(f)(z,y) = grad(f,)(z) + grad(fz)(y)

and the two terms on the right are orthogonal. Thus we see that if for
every * € M; and y € M, the maps ¢, and ¢, are both horizontally
conformal with dilations A, and A, respectively, then ¢ is horizontally
conformal with dilation satisfying

2 2 2
A(z,y) = Ao(y) + Ay (2).

In particular, if ¢ is a harmonic morphism in each variable separately

then ¢ is a harmonic morphism.

Definition 3.16. A map ¢ : M — N is said to be horizontally
homothetic if ¢ is horizontally conformal and the gradient grad(A?) of
the square of the dilation A is vertical everywhere.

The horizontal homothety implies that the dilation is constant along
horizontal curves. The concept of horizonal homothety is actually more
natural than it may seem at first and it is in many ways a more suitable
generalization of a Riemannian submersion than that of a horizontally
conformal map. For a further investigation on the geometry of hori-
zontally homothetic maps see Chapter 2 of [35]. By a result of Fuglede
we have the following:

Theorem 3.17. [29] A non-constant horizontally homothetic har-
monic morphism is a submersion.

The following result gives the theory nice geometric features and is
dual to that of Theorem 2.19. It was first proved by Baird and Eells
but the proof presented here was given by Gudmundsson in the context
of semi-Riemannian manifolds.

Theorem 3.18. [6] Let ¢ : M™ — N™ be a horizontally conformal
submersion. Then
a) if n = 2, its fibres are minimal if and only if it is harmonic.
b) if n # 2, two of the following conditions imply the other:
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1) ¢ is harmonic,
2) ¢ has minimal fibres,
3) ¢ is horizontally homothetic.

PROOF. [36] Let {Z,...,Z,} be a local orthonormal frame for
TN and for ¢t = 1,...,n let X; be the horizontal lift of Z;. If A is the
dilation of ¢, then {A\X3,...,AX,,} is a local orthonormal frame for the
horizontal distribution . If X,Y are basic vector fields on M which

are ¢-related to X and f/, respectively, and if H denotes the projection
on the horizontal space, then we get:

H(VYY) =) g(VYY, AX)AX,
k

=X g(VYY, X)) X;
k
)\2

(Xg(Y, Xp) + Y g(Xy, X) — Xpg(X,Y)
+ g([X, Y], X0) + 9(1 X, X],Y) = g([Y, Xi], X)) Xy

)\2

- (h(ff, ZOXAN2) + A 2XR(Y, Z) + h(Zy, X)Y (A72)

+ A Y Rh(Z, X) — WX, Y) X (A2 — A 2Z,h(X,Y)
A2 (h([f(, Y1, Z4) + h([Z, X1, V) — h([V, Z4], X)))Xk

Hence

dp(VYY) = VY

F (XY 4V (E) - (R V) Y X)),

In particular, for X =Y = X}, we obtain

1
d¢(v%kxk) = NX (A7, - 5d¢(gmdy(x2)) + V3. Z

= dp( A Xp (N HAX;) — %dqﬁ(grady(/\Q)) + V3 Z.
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This gives us

n

(0) =) Vdo(AXy, AXy)
k=1
=AY Vdg(Xy, Xi)
k=1
=N (V32— dg(VY, X))
k=1
“ /1
=\2 Z (idgﬁ(gradﬂ()r?)) _ d¢()\Xk()\72))\Xk))
k=1
)\72
= 7(2 — n)dg(grady(A\?)).
If {Vai1,...,Vim} is a local orthonormal frame for the vertical distri-

bution, we finally come to the conclusion

7(¢) = u(d) + > Vdo(Vi, Vi)

k=n-+1
= u(¢) — Y do(Vii Vi)
k=n-+1
= 7(0) — do( > ViiVi)
k=n-+1

= 2 (2 m)do(gradu(22)) — (m — m)do(H),

where H is the mean curvature vector field of the fibres. The theorem
now immediately follows from the last equation. O

As a direct consequence of Theorem 3.18 we obtain the following
classical result of Eells and Sampson.

Corollary 3.19. [24] A Riemannian submersion has minimal fi-
bres if and only if it is harmonic.

Example 3.20. A simple example of a harmonic morphism is the
orthogonal projection followed by a multiplication of a scalar:

R™ 5 (z1,... ,&p) — a(z1,... ,2,) € R"

for some a € R\ {0}. It has trivially constant dilation |a|, totally
geodesic fibres and integrable horizontal distribution.
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Example 3.21. Both the maps 7 and 7 from Examples 2.21 and
2.22 are harmonic morphisms since they are horizontally conformal
with dilations = — |z|7! and z — (1 — |z|?)/2|z|. Both have totally
geodesic fibres and integrable horizontal distributions.

Example 3.22. Let G be a Lie group with a bi-invariant metric
and K be a Lie subgroup of G. Denote by 7 : G — G/K the canonical
projection onto the homogeneous space G/K. We may in a canonical
way turn G/K into a Riemannian manifold with a G-invariant metric
such that 7 is a Riemannian submersion. For left-invariant vector fields
X, Y on G it is well known that
1
2
In particular, if X and Y are left-invariant vector fields on K then the
horizontal component of V§Y is zero. Thus K is a totally geodesic
submanifold of G and it follows that = has totally geodesic fibres. By
Theorem 3.18 the canonical projection 7 : G — G/K is a harmonic
morphism.

viY = Z[X,Y).

Example 3.23. If ¢ : M™ — N™ is a conformal submersion be-
tween Riemannian manifolds of equal dimensions m then we get from
the proof of Theorem 3.18

—2

(3.7 () = 7(9) = (2 m)d6 (grad ().

It follows that a map ¢ : M? — N? is a harmonic morphism if and
only if ¢ is conformal. If M and N are Riemann surfaces we know from
Example 3.13 that every tholomorphic map is a harmonic morphism.

Conversely, if ¢ is a harmonic morphism between Riemann surfaces,
we see from equation (3.4) that for every z € M either d¢/0z(z) = 0
or 0¢/0z(z) = 0. Now ¢ and hence also 0¢/0z and 0¢/0z are real an-
alytic by the ellipticity of equation (2.5), so ¢ will be +holomorphic on
M. Thus a map between (connected) Riemann surfaces is a harmonic
morphism if and only if it is £holomorphic.

We also deduce the following.

Theorem 3.24. If ¢ : M — N 1is a map between Riemannian
manifolds of equal dimensions m > 3, then ¢ is a harmonic morphism
if and only if ¢ is a homothety, i.e. conformal with constant dilation.

PRrOOF. If ¢ is a harmonic morphism with dilation A\ which is not
constantly zero on M, set M' = M \ Cy which is an open dense subset
of M. The restriction of ¢ to M’ is a harmonic morphism and from
equation (3.7) it follows that grad(A?) = 0 on M’ and then by continuity
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on the whole of M. Hence A is constant. Conversely, if ¢ is conformal
with constant dilation then ¢ is harmonic by equation (3.7). O

Example 3.25. Represent S™\ S? in R™"! as
S™\ S% = {(cost,sint-e) | t € (0,7), e € S™ '}

Define n : S™\ S® — S™ ! as the projection onto the equatorial
hypersphere along the longitudes:

n(cost,sint - e) = e.

The horizontal curves for n are those for which ¢ is constant so 7 is
horizontally conformal with dilation

(cost,sint-e) — 1/sint.

Hence 7 is horizontally homothetic and since it has minimal fibres it
follows from Theorem 3.18 that 7 is a harmonic morphism. It has inte-
grable horizontal distribution with small spheres (sin#)S™ ! as integral
submanifolds. It is clear that n cannot be extended continuously to the

whole of S™.

Example 3.26. Let D be any of the normed division algebras R,
C, H or Cay of real dimension d = 1,2, 4 or 8, respectively. The Hopf
polynomials are then defined as the maps R*¢ — R*! given by

(21,22) = (|21]? — |22]*, 221 22)

for (z1,29) € D?. These are all harmonic morphisms, defined by ho-
mogeneous polynomials of degree 2, with dilation z — 2|z|?"!. Their
fibres are spheres of dimension d — 1 so they cannot be minimal in R4
for d > 1. This shows that there is no equivalence in the last part of
Theorem 3.18.

We see that the Hopf polynomials all restrict to maps

S2d71 N Sd

called the Hopf fibrations. They are horizontally conformal with con-
stant dilation (see the proof of Theorem 5.5) and they are harmonic by
Example 2.23 or by Theorem 3.18 since their fibres are totally geodesic
in S?¢-1. Hence they are submersive harmonic morphisms, surjective
by Corollary 3.12.

There are several ways of describing the Hopf fibrations (see [32])
and they have been of great importance for the development of homo-
topy theory and fibre spaces. As we shall see in the next chapter the
Hopf fibrations and the Hopf polynomials are also of great interest in
the study of harmonic morphisms.

If we have a look at the case of d = 2, denoting by ¢ : S* — S?
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the corresponding Hopf fibration, we make the standard identification
of S? with CP'. Considered as a map S* — CP! = S3/S*, ¢ is easily
seen to be the quotient map taking (21, 22) to the complex line in C?
through this point. This is the way the Hopf fibrations generally are
presented.

If we identify S* with SU(2) via the map

53 > (21,22) — < 21 2?) € SU(Q),

—22 21

we note that the horizontal space of ¢ at the identity of SU(2) is

spanned by
0 1 0 —1
X = <Z 0) and Y = (1 0 )

and the vertical space by

Since
(X,)Y]=XY -YX =2V

the horizontal distribution of ¢ is not integrable. This is actually true
for all but the first of the Hopf fibrations as will be motivated in the
following section.

3. The Existence Problem

There is no general existence theory for harmonic morphisms; in-
deed, by Theorem 3.8, harmonic morphisms are solutions to an over-
determined non-linear system of partial differential equations, thus
making the question of existence rather difficult. In most cases, the
only known way of proving existence of non-constant harmonic mor-
phisms between given Riemannian manifolds is by a direct construction
of examples. Another way is to give harmonic morphisms as implic-
itly defined solutions to certain non-singular equations, a method that
goes back to Jacobi (see Chapter 1). This was used by Gudmunds-
son in [36] to construct complex valued harmonic morphisms defined
locally in several irreducible Riemannian symmetric spaces. In some
non-compact cases even globally defined solutions were found. Similar
methods have been used by Baird and Wood in [9] and [10] to construct
both globally and locally defined complex valued harmonic morphisms
from Euclidean spaces. We shall see in the next chapter that interest-
ing existence theorems for polynomial harmonic morphisms have been
achieved. In contrast, to find globally defined harmonic morphisms
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between compact Riemannian manifolds has offered great difficulties.
Only a few examples are known, among them the Hopf fibrations of
Example 3.26 (see The Atlas of Harmonic Morphisms [39]). When the
co-domain is a compact Riemann surface though, we have the following
interesting existence result by Gudmundsson.

Theorem 3.27. [37] Let N? be a compact Riemann surface and w
a homotopy class of S™-bundles over N?. Then there exists a bundle
7 : M — N? in w and a Riemannian metric g on M such that the
bundle map 7 : (M, g) — N? is a harmonic morphism.

More is known about the non-existence of harmonic morphisms.
For instance, the existence of a non-constant harmonic morphism ¢ :
M™ — N™ immediately gives necessary conditions on the dimensions
m and n, namely that m > n. In the next chapter we shall derive some
further necessary conditions on the dimensions for the existence of so-
lutions to the problem. It is also clear that Corollary 3.12 constitutes
a simple but important non-existence result.

Wood observed in [59] that if ¢ : M — N is a horizontally con-
formal submersion with integrable horizontal distribution #, then the
associated foliation Fy is totally uwmbilic in M. This means that for
a horizontal unit vector field X, the vertical field V(VY X) does not
depend on the choice of X. For horizontal vector fields X and Y we
have in this case (Theorem 2.1.3 of [35])

2

VYY) = 2 g(X,¥)V(grad(x ).

If in addition m > n > 3 and ¢ is a harmonic morphism with totally
geodesic fibres, then Fy is spherical i.e. for every leaf L € Fy the
mean curvature vector Hy of L in M is parallel in the normal bundle
of the leaf. Gudmundsson generalized O’Neill’s fundamental equations
for a submersion (see [47]) to the horizontally conformal case. Using
this and a characterization of the totally umbilic spherical foliations on
manifolds with constant sectional curvature, he proved in [35] (Corol-
lary 3.3.4) the following non-existence result.

Theorem 3.28. (35| If m > n > 3 and (M™,N") = (S™, S"),
(R™, S™) or (H™, S™), then there are no non-constant harmonic mor-
phisms from M to N with totally geodesic fibres and integrable hori-
zontal distribution.

The last result implies that none but the first of the classical Hopf
fibrations of Example 3.26 have integrable horizontal distribution.

A natural way to impose necessary curvature conditions on the
manifolds for the existence of non-constant harmonic morphisms is by a
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Bochner technique. This method can briefly be described as developing
an equation relating the Laplacian of bundle valued sections to the
curvature of the bundle in question, known as a Weitzenbock formula
(see [21]). From this formula, vanishing results involving the curvature
can be derived. This was done for harmonic maps by Eells and Sampson
in [24] and for harmonic morphisms by Mustafa in [45]. Using this
Mustafa then proved the following important theorem.

Theorem 3.29. [45]| Let M™ be a compact Riemannian manifold
with non-negative Ricci curvature and let N* be a compact Riemann
surface of genus v > 2. Then any harmonic morphism from M™ to
N? is constant.

By choosing suitable Riemannian metrics on the space M and ar-
guing as in Example 3.14, Mustafa obtained the following:

1. There are no non-constant harmonic morphisms from a compact
irreducible Riemannian symmetric space to a compact Riemann
surface of genus v > 1.

2. There are no non-constant harmonic morphisms from a compact
connected Lie group with a bi-invariant metric to a compact Rie-
mann surface of genus v > 1.

In [46] Mustafa developed the Bochner technique further to non-

compact domains in the language of moving frames and derived the
following astonishing result:

Theorem 3.30. [46] There is no non-constant globally defined har-
monic morphism from R™ into a Riemannian manifold with scalar cur-
vature bounded above by a negative number.

As a direct consequence there are no non-constant harmonic mor-
phisms from R™ into the hyperbolic space H".

4. Polar Sets

In this section we shall return to potential theory for some elemen-
tary definitions needed in the next chapter. Note that the functions
and maps are here unless otherwise stated, not assumed to be smooth.
Recall that if X' is a harmonic space (see Chapter 1) and # its sheaf
of harmonic functions, then for every regular set V in X and continu-
ous function f : 9V — R, there is a unique harmonic function H]Y on
V, which can be extended to V' so that the extension equals f on the
boundary dV. Furthermore if f > 0 then H}/ > 0. From this it easily
follows that for every z € V', the map

f Hf(2)
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is a positive linear functional on the set of continuous functions on V.
By the Riesz Representation Theorem there exists a unique Radon

measure py on dV so that
= / F(y)dpy (y)

for every continuous function f on V. The measure p) is called the
harmonic measure for V at the point x.

Example 3.31. Let o denote the normalized volume measure on
the unit sphere S™ !, If B is the unit ball in R™ and f a continuous
function on the boundary 9B = S™ !, then it is well known that the
Poisson integral (see [3])

Boz— / " $|2 (y)do(y)

is harmonic and may be extended continuously to B so that the ex-
tension equals f on S™ !. Thus the harmonic measure for B at z
is

We now extend Definition 2.29 to a much more general situation.

Definition 3.32. Given an open set U in a harmonic space X, a
function f : U — | — 00, 00] is said to be superharmonic if:
i) f is lower semi-continuous,
i1) f is not identically co on any component of U and
iii) for every regular set V. C V C U and every x € V, we have

/f )dp; (y

It was shown by Hervé (see Chapter 7 of [40]) that this definition
is consistent with the one given in Chapter 2. The following concept is
classical in potential theory.

Definition 3.33. Let X be a harmonic space. A subset £ C X is
said to be polar if for every point z € X there exists a neighbourhood
U and a superharmonic function f in U such that f =ocoon U N FE.

Although polar sets are generally small enough to be ignored, we
will need some basic facts on these in the next chapter.

Example 3.34. If n > 3, then any point of R" is polar. More
generally if n > 3, every affine subspace A C R” of codimension at least
2 is polar. Furthemore, the points of any relatively compact subset U
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of R? are polar in U. These results can be found in any elementary
book on potential theory (see e.g. [14]).

Example 3.35. For a non-constant harmonic morphism ¢ between
Riemannian manifolds, we know that its critical set Cy is closed and
nowhere dense. It was proved by Fuglede in [28] that it is actually
polar.

If : M — N is a harmonic morphism between Riemannian man-
ifolds and f is a smooth superharmonic function on N, then we have
by equation (3.6):

AM(fog)=NAN(f) <.

Hence fog issuperharmonic. Furthermore, Constantinescu and Cornea
proved that a general harmonic morphism between harmonic spaces
pulls back superharmonic functions to superharmonic functions (see
[18], Corollary 3.2). This implies the following result needed for one of
our main results of the next chapter:

Proposition 3.36. [18] The pull-back of a polar set by a non-
constant harmonic morphism is again a polar set.
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CHAPTER 4

Polynomial Harmonic Morphisms

In this chapter we study polynomial harmonic morphisms between
Euclidean spaces. By a polynomial map R™ — R" we mean a map
with polynomial components. Its degree is the maximal degree of these
components. In Section 1 we study general globally defined harmonic
morphisms between Euclidean spaces. Why this is done in the con-
text of polynomial harmonic morphisms is motivated by Theorem 4.3,
which states that if n > 3, every globally defined harmonic morphism
R™ — R" is polynomial. Section 2 is devoted to a classification of
the homogeneous polynomial harmonic morphisms of degree 2 due to
Ou and finally in Section 3 we discuss some homogeneous polynomial
harmonic morphisms of higher degree.

1. Globally Defined Harmonic Morphisms

Globally defined harmonic morphisms between Euclidean spaces
have some very characteristic features, at least if the dimensions are
large enough. We shall here discuss some striking results on such maps
all of which were presented by Ababou, Baird and Brossard in the very
recent manuscript [1].

Theorem 4.1. [1] If n > 3 and ¢ : R™ — R" is a non-constant
harmonic morphism, then ¢ is surjective.

PROOF. [1] For any a € R" the function z — |z—al* ", z € R"\{a}
is harmonic. If there was some a € R” not in the image of ¢ then

v |g(x) —al*"

would be a positive harmonic function on the whole of R™ and there-
fore constant by the theorem of Liouville (see [3]). Hence ¢ would be
constant which leads to a contradiction. O

Example 4.2. The map
Cozm—efeC

is obviously not surjective but a harmonic morphism since it is holo-
morphic. This simple example shows that the statement of Theorem
4.1 is not true for n = 2.
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Next we show a Liouville type of theorem for harmonic morphisms.

Theorem 4.3. [1] Every globally defined harmonic morphism ¢ :
R™ — R™ with n > 3 is a polynomial map of degree < %

To prove Theorem 4.3 we need the following potential theoretic
lemma. For a proof of this using probabilistic arguments, see Lemma
1.2 of [1].

Lemma 4.4. [1] Suppose that m > 3 and P is a closed polar set
in R™. If f : R™ \ P — R is a positive harmonic function, then there
1s a constant ¢ > 0 such that

flz) = e(1+ |z™ %)
for all z € R™ \ P.
PROOF OF THEOREM 4.3. [1] If m < n then by Corollary 3.9 the

map ¢ is constant and we are done. Assume m > n. If h: R*\{0} — R
is the harmonic function h(z) = |z|* ", then the composition

ho¢:R™\ ¢ *(0) =R

is a positive harmonic function and by Propositon 3.36 defined off a
closed polar set. By Lemma 4.4 there is a constant ¢ > 0 such that

D)™ <L+ [e™ )

which obviously will hold for all z € R™. If we write ¢ = (¢!,..., ¢")
then this implies that for any 1 < i < n we will have

8'(z)] < a(l + |z/™ 2w < a(l+ |z]5?)

for all z € R™ and some positive constant a. Each ¢! is harmonic so by
the Cauchy estimates (see [3]) and the above inequality it follows that
the power series expansion of ¢* around 0 is a polynomial of degree
< m—2 . l:‘

— n—2

The following example shows that the condition n > 3 on the di-
mension of the target manifold in Theorem 4.3 can not be removed,
Let ¢ : C™ — C be any holomorphic function and define

F(z) = cos(y(2))

for z € C™. Since F' is holomorphic it is a harmonic morphism and not
polynomial except in trivial cases.

For obvious reasons the next result is together with Theorem 4.3
very important in the study of globally defined harmonic morphisms
between Euclidean spaces.
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Theorem 4.5. [1] Every horizontally conformal polynomial F :
R™ — R™ with n > 2 1s harmonic.

Here we give our corrected version of the proof contained in the
original manuscript of [1].

PROOF. It is enough to prove the statement for n = 2. For if
the result holds in this case and F = (Fy,...,F,) : R™ — R" is
a horizontally conformal polynomial where n > 2, then (Fj, F}) is a
horizontally conformal polynomial R™ — R? for any indices i # j.
Hence F; is harmonic for every i so F' is harmonic.

Assume that F'is a complex valued horizontally conformal polyno-
mial on R™. If F is constant we are done. Otherwise, denote the part
of F' that is homogeneous of degree i by ;, hence

d
F= Z Qia
i=0
where d is the degree of F. By choosing suitable coordinates (z) in R™

we may assume that 0 is not a singular point of F' and that

Ql(ml,...,xm) =T +’L.T2

We write z = z1 + ixy. From the horizontal conformality of F' we get

oF .,
OF OF oF
=455 T 25

iy 3Qs 90, 9Q,

3Qr 0Q 3Qr 3Qs
=2
Z 0z 0z 0z 0z

)+ (V@i VaQy),

where we have written

V.0, — ((9621» 0Qr

axg,""’(%:m)'

Changing the order of summation implies that

00, 0Qpi1 7  0Qr 0Qp1 r.
Z (22( 82 Qazl + 56,25 Qa_;l )+Z<varavap+lfr>) :0
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and from the homogeneity we conclude that for p > 2 we have
(4.1)

p
8@7‘ 8Qp+177‘ aQr an+17r
22( 9: 0z | 0z o

)+ D (VeQr, VoQpir 1) = 0.
r—=2

Claim 1: For p > 2, ), is of degree < p — 2 in Zz.

Proof of Claim 1: For p = 2, equation 4.1 reduces to
Q>
0z
so this is certainly true for p = 2. If it is assumed to hold for Qs, ...,

Qp-1, it then follows from equation (4.1) that it also holds for @,.
Hence our claim follows by induction. O

(4.2) 42 =0

Now let I:r(z, r) denote the coefficient of 2”2 in Q, for r > 2, where r =
(x3,...,Zm). From equation (4.2) we see that Q2 = Ly. Furthermore,
the coefficient of z°~3 in equation (4.1) must be

p—1
4(p - 2)LP + Z<V$L1‘a Var:Lp+171~> = 0.

r=2
In particular, if L,(z) = L,(0, ) we see that

p—1

(43) 4(p - 2)Lp + Z<v:cha vap+17r> =0.

r=2

We write Ly(z) = z' Az, for some symmetric matrix A.
Claim 2: For p > 2 we have

Ly(z) = (—1)Pz' AP 'z,

Proof of Claim 2: This holds by definition for p = 2. If it is assumed
to hold for Ls, ..., L, 1, then we have

(VoLr)(z) =2(-1) A" 2
for r =2,...,p — 1. Hence from equation (4.3) we see that
Ly(z) = (—1)Pz' AP 'z
and our claim follows by induction. O
Since d is the degree of F' it follows that
o' APz =0

50



for p > d. Since A is assumed to be symmetric this implies that A is
nilpotent so trace(A) = 0. Thus we get at the point 0

9*Q
020z

The origin was arbitrarily chosen among the non-singular points of F,
so it follows that

T7(F)(0) =4 + 2 trace(A) = 0.

T(F)(p) = 0

for every non-singular point p of F'. Since F'is a horizontally conformal
polynomial, its set of critical points is nowhere dense. Hence F' is
harmonic. O

Following Theorem 4.3 and Theorem 4.5 the study of globally defined
harmonic morphisms R™ — R" with n > 3 is reduced to the study of
horizontally conformal polynomials of degree < —.

Corollary 4.6. x| Ifn <m < 2n—3 and ¢ : R™ — R" is a non-
constant harmonic morphism, then ¢ — ¢(0) is an orthogonal projection
followed by a homothetic isomorphism.

PROOF. We assume for simplicity that ¢(0) = 0. Since n < 2n —3
it follows that n > 3 and (m—2)/(n—2) < 2. Hence ¢ is linear by The-
orem 4.3. Choose an orthonormal basis {fi,..., fn} of the horizontal
space (ker ¢)~ so that ¢(f;) = Ae; for i =1,...,n, where {eq,...,e,}
is the canonical base of R* and A the dilation of ¢. Then ¢ is easily
seen to be the orthogonal projection onto the horizontal space followed
by a homothetic isomorphism. O

Example 4.7. If m < 3n —5 then any harmonic morphism R™ —
R"™ is polynomial of degree no more than 2. We have in this case the
following result which we state without proof:

Theorem 4.8. [1] If F : R™ — R" is a polynomial harmonic mor-
phism of degree 2, then there is an orthonormal basis for R™ such that
F — F(0) is either homogeneous of degree 2 or of the form

(1, .. ) = alxy, .. 2,) + Q(Tpyr, - -, T)
for some a € R and some polynomial harmonic morphism
Q:R""™ > R"
homogeneous of degree 2.

Theorem 4.8 together with the results of Section 2 give a complete
classification of all harmonic morphisms R™ — R” with m < 3n — 5.
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2. The Classification of Ou

In this section we study harmonic morphisms defined by homoge-
neous polynomials of degree 2. Due to a connection with the represen-
tation theory of Clifford algebras we obtain a complete classification
of these. In our presentation of this classification we follow the work
of Ou and Wood in [50] and Ou in [49]. We also derive some results
needed in the next chapter.

Definition 4.9. A map ¢ : R™ — R” is said to be quadratic if
each of its components are quadratic forms on R™. The set of all qua-
dratic harmonic morphisms R™ — R" will be denoted by Hs(m,n).
Two quadratic maps ¢, ¥ are said to be domain-equivalent if there is
an A € O(R™) such that ¢ = @ o A and bi-equivalent if there is a
B € O(R™) and a C € O(R") such that ¢ = C o o B.

We see that domain-equivalence amounts to an orthonormal change
of coordinates of R™ and bi-equivalence to an orthonormal change of
coordinates in both the domain and the co-domain.

If ¢ : R™ — R” is a quadratic map we may write
¢'(x) = (Adiw,z), zeR"

for i = 1,...,n and some symmetric A; € End(R™). Henceforth we
make no distinction between End(R™) and the set of m X m-matrices
over R thus refering to A; as the ¢-th component matriz of ¢. We also
equip End(R™) with the standard inner product

(A, B) = ltlratce(AtB).
m
Definition 4.10. A quadratic map ¢ : R™ — R" with component
matrices A;, i = 1,...,n is said to be separable if it is possible to write
R™ as a direct sum of non-trivial subspaces, invariant under A; for
every i. Otherwise ¢ is said to be non-separable.

From Theorem 3.8 we may now derive the following equations.

Proposition 4.11. [50] A quadratic map ¢ : R™ — R" with com-
ponent matrices A;, i = 1,...,n, s a harmonic morphism if and only

if
a) A? = A? for all 1,7,
b) A;A; + AjA; =0 for all i#j, and
c) trace(A;) = 0 for all i.
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PROOF. [50] For every i we have
grad(¢')(z) = 24;z and A" (¢') = 2 trace(4;).

Thus c¢) is immediate and a) and b) follow from Example 3.6. Observe
that for b) A;A; is not symmetric in general. O

Example 4.12. For t € R we see that ¢ : R* — R? given by
¢(z,y) =(z*cost — y*cost + 2zysint,
—z?sint + y?sint + 2zycost)

has component matrices

cost sint —sint cost

sint —cost/)’\ cost sint)’
They do satisfy the equations of Proposition 4.11 so ¢ is a quadratic
harmonic morphism.

Definition 4.13. For manifolds M, N and maps f: M — R" and
g : N — R" we define their direct sum as the map f®g: M x N — R”
by (f®g)(z,y) = f(z)+g(y), where M x N is given the usual product
structure.

It follows directly from Proposition 4.11 that a direct sum of qua-
dratic harmonic morphisms gives new quadratic harmonic morphisms.
The direct sum construction can of course be applied to more than two
terms.

Lemma 4.14 (The Rank Lemma). [50] Let ¢ € Hy(m,n) have
component matrices Ay, ..., A,. Then

1. all the component matrices have the same rank which is an even
number,

2. all the component matrices have the same eigenvalues, and

3. the map ¢ is domain-equivalent to a quadratic harmonic mor-

phism ¥ with component matrices Fy, ..., F,, with
D 0 0 0 B 0
FF=|0 -D 0], EF,=|B 0 0], 1=2,...,n,
0 0 0 0 0 O

where D is a diagonal matriz with only positive diagonal entries
and B; matrices satisfying

B;D = DB;, B;B!=D? foralli=1,...,n, and
B{Bj+ BiB; =0 foralli,j=1,...,n, i#j.
The map 1 is said to be of the normal form.
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The proof of this lemma is a simple application of the equations
in Proposition 4.11, using well-known facts about symmetric matrices.
We omit this and refer to page 47 of [50].

Example 4.15. The Hopf polynomials of Example 3.26 are all
quadratic harmonic morphisms

R2d N Rd—H

for d =1,2,4 or 8. They are all of normal form in the canonical basis
of R¥*. For d =1, ¢(z,y) = (z* — % 2xy) has component matrices

b 5)00)

For d = 2 the corresponding Hopf polynomials are given by

P(x1, T2, T3, T4) Z(xf + :c% — :c§ — mi,

2:51:53 + 2:521'4, —21511'4 + 21‘21‘3),

with component matrices

10 0 O 0 010 0 00 —1
01 0 O 0 001 0 01 0
00 -1 Oof’l1T 00070 1T 0 O
00 0 -1 0100 -1 00 0
The next one with d = 4 is given by
o(z1, ..., 28) =(F + x5 + 23 + x; — xf — x5 — T3 — 23,

2z1T5 + 22906 + 22377 + 22478,
— 2x1x6 + 22915 — 2x378 + 21477,
— 22127 + 22978 + 27375 — 21478,
— 2m1mg — 2@omy + 2036 + 224T5)

so it is also of the normal form. It is easy to see that this is also the
case for d = 8.

Definition 4.16. If ¢ € Hs(m,n), then the common rank of its
component matrices is called the Q-rank of ¢. If the Q-rank of ¢ is m,
then ¢ is said to be Q-non-singular. If ¢ € Hy(m,n) is Q-non-singular
and the positive eigenvalues of its component matrices are the same
then ¢ is said to be umbilical. The set of all umbilical elements of
H,(m,n) with positive eigenvalue 1 is denoted by Hj(m,n).

Example 4.17. We see that the Hopf polynomials are all umbilical
with positive eigenvalue 1 and so are the maps of Example 4.12. Note
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that if ¢; : R™ — R" and ¢, : R™ — R" are umbilical quadratic
harmonic morphisms with positive eigenvalue 1, then for a, 3 € R:

ag1 ® Bgy : R R

will in general not be umbilical. We shall later see that this is the only
way to construct non-umbilical quadratic harmonic morphisms.

Corollary 4.18. [50| Any quadratic harmonic morphism is the
composition of an orthogonal projection followed by a @Q-non-singular
quadratic harmonic morphism from an even-dimensional space.

PROOF. The statement is clearly true for a quadratic harmonic
morphism of the normal form. The general case follows from Lemma
4.14. O

We may compare Corollary 4.18 with a result of Baird and Wood
(see Theorem 4.1 of [8]) stating that any non-constant harmonic mor-
phism R?® — RR? is the composition of an orthonormal projection R3 —
R? followed by a weakly conformal map. By Corollary 4.18 we see that
it is enough to study Q-non-singular quadratic harmonic morphisms
from even-dimensional spaces.

Corollary 4.19. [50] If ¢ € Hy(m, n) is umbilical then ¢ is domain-
equivalent to a ¢ € Hy(m,n) given by

Y(z) = A(Piz, z), ..., (P, x)),
for some real constant A\ and P; € Sym(R™) satisfying
P,P; + P;P; = 26;;1,,, for all 1,7,
where I, is the identity endomorphism of R™.
Proor. This follows immediately from Lemma 4.14. O
Definition 4.20. An n-tuple (Py,..., P,) of symmetric endomor-
phisms on R™ satisfying
PiPj + PPy = 261,
for all 2,7 = 1,...,n, is called an n-dimensional Clifford system on

R™. The set of all n-dimensional Clifford systems on R™ is denoted by
C(m,n).

We note that from the last definition the only possible eigenvalues
for any P; is £1. Since P; with ¢ # j defines an isomorphism between
the eigenspaces F; and E | of P;, these spaces have the same dimen-
sion. From the symmetry of P;, we conclude that m = 2 dim(E).
Hence C(m,n) = () for m odd. It also follows that trace(P;) = 0 for all
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t, so that every Clifford system defines a quadratic umbilical harmonic
morphism with positive eigenvalue 1.

Corollary 4.21. [50| Up to a homothetic change of coordinates of
R™ and domain-equivalence, every umbilical quadratic harmonic mor-
phism is given by a Clifford system as in Corollary 4.19. In particular,
if m 1s odd, then there are no umbilical quadratic harmonic morphisms

R™ — R".
We now focus our attention on Clifford systems.

Definition 4.22. Two Clifford systems (Py,..., P,) and (@, ...,
Q,) on R*™ are said to be algebraically equivalent if there exists an
A € O(2m) such that

A'PA = Q;
foralli =1,...,n. They are said to be geometrically equivalent if there

exists a B € O(spang{Pi, ..., P,}) such that (B(P),...,B(P,)) and
(@Q1,...,Q,) are algebraically equivalent.

It follows (see [49], Theorem 2.6) that two Clifford systems are
algebraically (geometrically) equivalent if and only if the corresponding
quadratic harmonic morphisms are domain-equivalent (bi-equivalent).

Definition 4.23. If (P,...,P,) € C(2my,n) and (Q1,...,Qn) €
C(2my, n) are two n-dimensional Clifford systems on R*™ and R*™2,
respectively, then their direct sum is the n-dimensional Clifford sys-
tem on R2(™+m2) given by (P, ® Qy,..., P, ® Q,). A Clifford system
(P, ..., P,) on R*™ is said to be irreducible if it is not possible to write
R2™ as a direct sum of non-trivial subspaces invariant under all P;.

It is easy to see that a Clifford system is irreducible if and only if it
is not algebraically equivalent to a direct sum of two Clifford systems.
Furthermore, irreducible Clifford systems correspond to non-separable
quadratic harmonic morphisms.

As noted in [27] there is a natural connection between Clifford
systems and the representation of the Clifford algebras C,,. From this
connection the following may be deduced:

Theorem 4.24. [27] The following facts hold for Clifford systems:

1. Every Clifford system is algebraically equivalent to a direct sum
of irreducible Clifford systems.

2. Irreducible Clifford systems (Py,...,P,) € C(2m,n) exist pre-
cisely for the values of n and m = m(n) listed in Table 1.
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3. For n # 1(mod 4) all Clifford systems in C(2m(n),n) are alge-
braically equivalent.

4. For n = 1(mod 4) there are in C(2m(n),n) two equivalence
classes under algebraic equivalence and one under geometrical
equivalence.

78 9 ... n+8
8§ 8 8 ... 16m(n)

From Corollary 4.21 and Theorem 4.24 we may now prove existence
of umbilical quadratic harmonic morphisms.

Theorem 4.25. [49] For any n € N there exist non-separable um-
bilical quadratic harmonic morphisms R?™ — R™ for exactly the values
of (m,n) = (m(n),n) listed in Table 1. Other umbilical quadratic har-
monic morphisms into R" exist exactly in the cases R*™ — R", when
(m,n) = (m(n),n) is contained in Table 1 and k € N.

PROOF. [49] The statement follows directly from the fact that
by Corollary 4.21, any umbilical quadratic harmonic morphism cor-
responds to a Clifford system, which is algebraically equivalent to a
direct sum of irreducible Clifford systems. O

Example 4.26. The Hopf polynomials are clearly given by Clifford
systems in C(2m(n),n) with n = 2,3,5 or 9. Since every Clifford
system in C'(2m(n), n) is irreducible, the Hopf polynomials are all non-
separable.

In order to give a complete characterization of quadratic harmonic
morphisms we next prove that umbilical quadratic harmonic morphisms
are the building blocks for the general case:

Lemma 4.27 (The Splitting Lemma). [49] If ¢ : R*™ — R" is
a @Q-non-singular quadratic harmonic morphism, then ¢ is domain-
equivalent to a direct sum of umbilical quadratic harmonic morphisms.

PROOF. [49] If ¢ is umbilical we are done. If not, let Ay,..., Ap
be the positive eigenvalues of the component matrices of ¢ counted by
multiplicity, with A\; = Ay = -+ = Ay # A, for E <1 < m. Then ¢ is
by Lemma 4.14 domain-equivalent to 1, where 9 is of the normal form
with D diagonal and diagonal entries Aq,...,A,,. From the fact that

DB; = B;D, we see that
b; O
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for some b; € GL(R*), ¢; € GL(R™ %), 4 =2,...,n. Using the isometry

I, 0 0 0

|0 0 I, 0

H=1o 7, 0 o
0 0 0 Ing

we see that ¢ is domain-equivalent to ¢ = ¥ o H and that
p = 1D P2,
where
o1 :R* 5 R and ¢, : R2M™K) R

By Proposition 4.11 the maps ¢; and ¢, are both quadratic harmonic
morphisms and ¢; is umbilical by construction. Repeating the proce-
dure completes the proof in a finite number of steps. O

We may now give the characterization theorem for Q-non-singular
quadratic harmonic morphisms. By Corollary 4.18 this also covers the
general case.

Theorem 4.28. [49] For n € N, @Q-non-singular quadratic har-
monic morphisms with values in R® exist precisely in the cases

Rka(n) SR

where k € N. FEach such map is domain-equivalent to a direct sum of
the kind

ML D .. D Ay
for some ¢; € Hy(2m(n),n) given by an irreducible Clifford system.

Proor. This follows directly from Theorem 4.25 and Lemma 4.27.
O

Example 4.29. [49] Fix & € N. By Theorem 4.28 any Q-non-
singular quadratic harmonic morphism

¢ : Rka(n) S R
is, up to domain-equivalence, of the form

=M1 DD APy,

for some k-tuple (A;,..., ;) € R* and some ¢; € H,(2m(n),n),
i = 1,...,k, given by irreducible Clifford systems. If n # 1(mod
4), it follows from the properties of Clifford systems that every two
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elements of Hy(2m(n),n) are domain-equivalent. Hence up to domain-
equivalence, ¢ is in this case of the form

P=Mp® BNy

where ¢ € Hy(2m(n),n) is given by irreducible Clifford systems. In
particular, we see that for a fixed k-tuple (A1,..., ;) € RF any two
quadratic harmonic morphisms with these eigenvalues are domain--
equivalent.

If n = 1(mod 4) the situation is more complicated since in this
case there are two algebraic equivalence classes in C'(2m(n),n). But as
noted by Ou (see [49], Corollary 4.12), two non-equivalent Clifford sys-
tems will only differ by a sign of one, say of the last component. Hence
there are in this case two domain-equivalence classes in H, (2m(n), n)
and two non-equivalent quadratic harmonic morphisms in this set will
differ only by a sign of one, say the last of their components. This im-
plies that for a fixed k-tuple (A, ..., \x) € R¥, we get 2% possibilities of
constructing our Q-non-singular quadratic harmonic morphism of the
form

M1 DD Ay

for ¢; € Hy(2m(n),n). Half of these possibilities can be obtained from
the other by an orthonormal change of coordinates in R" as one easily
checks. Hence there are in this case 2F~! bi-equivalent classes. In

particular for £ = 1 and n € N, there is just one bi-equivalent class in
HY (2m(n), n).

3. Polynomial Harmonic Morphisms of Higher Degree

So far we have not seen any explicit examples of polynomial har-
monic morphisms of degree higher than 2, except when the target man-
ifold is C. Of course by composing quadratic harmonic morphisms we
may construct examples of even degree, but it was an open question
for several years whether there exist polynomial harmonic morphisms
of higher degree that do not arise in this way. For instance, do there
exist polynomial harmonic morphisms of odd degreel' This question
has recently been given an affirmative answer in some cases in [7]| by a
surprisingly simple construction. We shall in this section describe this
method and show how it provides a multitude of examples.

Definition 4.30. A multilinear map
¢ R x .- x RPE— R”
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is said to be norm-preserving if
‘(I)(:Ela S axk)‘ = |'T1| Y ‘Cﬁk‘
for every (zq,...,zg) € RP* x -+« x RP*,

Example 4.31. [7] It is easily seen that the following maps are
norm-preserving:

1
C x C2 B (21,22,23) — 521(22 + 29, —2(22 — 22),223) S (C3

and
C x CS 9(21,22,23,24) —
1 1
(2129, 2123, §Z1(Z4 + Z4), 5Z1(Z4 — 7)) e C.

Example 4.32. For any £k € Nand d =1,2,4 or §, let

d:RIx--- xR — R, (X1, ..., x) — (21 (2 _o(p_128)) -+ )
k

be the multiplication of real, complex, quaternionic or Cayley num-
bers. Then ® is norm-preserving. Actually these are the only possible
dimensions for the existence of a multilinear norm-preserving map

R" x---xR* - R"
N~—_——— —
k
with k > 2. For if we fix (z3,...,2;) € S" ! x --- x S"! then the
resulting map R* x R* — R" will turn R” into a normed division
algebra, hence we must have n = 1,2,4 or 8 by a classical result of

Hurwitz (see [42]). We shall make use of this fact in the proof of the
following theorem.

Theorem 4.33. [7] A norm-preserving multilinear map
®: R x ... xR+ - R"
1 a harmonic morphism if and only if p1 = ---=pr=n=1,2,4 or 8.
PrOOF. [7] If py = -+ = pp = n then ® is a harmonic morphism
by Theorem 4.5 and Example 3.15 since ® is a homothetic linear trans-
formation in each variable separately.
Conversely, assume that ® : RP* x --- x RP* — R" is a multilinear

norm-preserving harmonic morphism. Since ® is norm-preserving it is
clear that

(4.4) P <n
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fori=1,...,n. If Ais the dilation of ® we see that for x = (zy,..., ;) €
SP1=lx o x SPe—1 we have
(4.5) nA*(xy, ..., x;) = trace({d®,, d®,)) = p1 +pa + -+ + pr.

For a function f : R® — R we get from equation (3.6) together with
Example 3.15:

k

(4.6)  XN:(zy,...,20) A (f)o®(xy,... ap) = ZARPi(f o ®;)(x;),

i=1

where ®; = ®(zy,...,%,...,7). If we choose f(y) = |y|* so that
AR (£)(y) = 4nly> + 8|y|%, then for (zy,...,7;) € SPr 1 x .. x SPeL
we have

AT (f o @;)(x;) = 4p; + 8.
From equations (4.6) and (4.5) it then follows that
Pr+Dp2t -+ Py

k
and comparing with equation (4.4) we obtain p; = py = -+ = pj, =
n. The theorem now follows from the previously mentioned result of
Hurwitz. U

Using K-theory, Tang has recently improved Theorem 4.33 and ob-
tained the following:

Theorem 4.34. [54] If the map F : R x --- x RP* — R" is
multilinear and non-singular (i.e. F(xq,...,zy) = 0 implies that z; = 0
for some i), then F is a harmonic morphism if and only if py = - -+ =
pr=n=124 or8.

From Theorem 4.33 we may now for any k € Nand n=1,2,4 or 8
construct polynomial homogeneous harmonic morphisms of degree &
R" x --- x R" — R".
N—_—— ——
k

Example 4.35. [x| For the non-homogeneous case we have the fol-
lowing construction: For Riemannian manifolds M, ..., M} and a fam-
ily ¢; : M; — R, i = 1,...,k, of harmonic morphisms, their direct
sum

G1 BBy My XX M, — R"
is given by
gblEB"'EBQSk(wla-"’wk):¢1($1)+.”+¢k($k)
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for (zq,...,xx) € My X --- X My. Since this is a harmonic morphism in
each variable separately it is a harmonic morphism by Example 3.15.

Now assume that A; : R — R"” is a homogeneous polynomial
harmonic morphism for ¢ = 1,..., k. Define the map

F:RP' x - x RP* — R"
as the direct sum of the A;’s:
F(ay, ... o) = Ag(@) + -+ Ag(ag).

The map F' is a harmonic morphism and if the A;’s are not all of the
same degree, then F' will be non-homogeneous.

After Example 4.35 was produced it was pointed out by Ou that a
special case of this construction has appeared in [48]. But since this
is written in Chinese it is our hope of not being accused of plagiarism.
Example 4.35 motivates the following definition:

Definition 4.36. A harmonic morphism ® : R™ — R" is said to
be separable if, up to isometries, ® can be written as a direct sum of
harmonic morphisms from spaces of strictly lower dimensions. Other-
wise @ is said to be non-separable.

The map F' constructed in Example 4.35 is separable and by The-
orem 4.8 any polynomial harmonic morphism of degree 2 is either ho-
mogeneous (up to an additive constant) or separable. We make the
following conjecture:

Conjecture 4.37. [x] If ¢ : R™ — R" is a non-separable polyno-
mial harmonic morphism then, up to an additive constant, ¢ is homo-
geneous.
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CHAPTER 5

Applications

In this chapter we present a new way of proving two well-known
theorems of Eells and Yiu. The first states that the Hopf polynomials
are essentially the only homogeneous polynomial harmonic morphisms
preserving spheres. The second states that these are essentially the
only harmonic homogeneous polynomials that restricts to harmonic
morphisms between spheres. For this we use results from Chapter
3 together with some important results of algebraic and differential
topology. This is then used to derive information on the singularities
of general harmonic morphisms.

1. The Theorems of Eells and Yiu

The results needed from algebraic topology originate in the follow-
ing remarkable result of W. Browder (see Spanier [52] for the defini-
tions):

Theorem 5.1. [16] Let F' be a connected polyhedron and p : S™ —
B a weak fibration over B with fibre F'. If B 1s not a single point, then
F must be homotopic to S*, S® or S”.

Timourian used Theorem 5.1 to obtain the following result ([55],
Lemma 2.7), more suitable for our purposes.

Theorem 5.2. [55] If m >n > 1 and T™ is a homotopy m-sphere

and ¢ : T™ — S™ is a fibre bundle with compact (m — n)-dimensional
fibres, then (m,n) = (3,2), (7,4) or (15,8).

Note that these are exactly the dimensions of the Hopf fibrations
of Example 3.26 with m > n. It is well known that all the Hopf fibra-
tions are fibre bundle maps and they are indeed surjective submersions
between compact manifolds. The following result is due to Ehresmann
(see also Wolf [58]).

Theorem 5.3. [26] If the map ¢ : M™ — N™ is a proper submer-
ston i.e. a submersion that pulls back compact sets to compact sets,
then ¢ : M — ¢(M) is a fibre bundle.
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Using the results of Ehresmann, Wolf and Timourian, Hsu gave a
complete classification of all horizontally conformal maps S™ — S"
with constant dilation. Her result is as follows:

Theorem 5.4. [41] If H™(\) is the set of all horizontally confor-
mal C'-maps S™ — S™ with constant dilation X\, then H™(A) = 0
unless

a) ,A=1and H™"(A) =O(m+ 1),
b) =1, A€ Nand H"(\) = {grot | ga(z) = 2}, € O(2)},
c) (myn)=(3,2), (7,4) o ( 5,8) and A = 2.

m=n
m n

All the maps of cases a) and b) are clearly harmonic morphisms; the
harmonicity follows from Example 2.23 and the horizontal conformality
will follow from the proof of Theorem 5.5. Case b) with A = 2 and
1 the identity is the first Hopf fibration and by the classification of
the quadratic harmonic morphisms it follows that any non-constant
quadratic harmonic morphism R? — R? must be domain-equivalent to
this Hopf polynomial. As mentioned earlier a similar result is valid in
higher dimensions. This is one of the theorems of Eells and Yiu:

Theorem 5.5. [25] If m > n and ® : R™ — R" is a non-constant
harmonic morphism defined by polynomials homogeneous of degree p,
with |®| constant on S™ ', then p = 2 and ® is bi-equivalent to a
constant multiple of one of the Hopf polynomials.

To prove Theorem 5.5 we need the following lemma, which is a
strenghtening of Theorem 4.3 for homogeneous polynomial harmonic
morphisms.

Lemma 5.6. [5] If ® : R — R" is a non-constant polynomial
harmonic morphism, homogeneous of degree p, then p(n —2) < m — 2
with equality if and only if |®| is constant on S™ 1 in which case the
dilation of ® is constant on S™ 1.

PrOOF. [5] Without loss of generality we may assume that & is
normalized so that

SUppcsm 1 [D(@)[? = 1.
Let

D= {ees™ | o) =1}
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and define F : R — R by F = |®*> and f = F|gm-1. Then for
z € S™ ! (with V denoting the gradient):
OF
Vf(z)=VF(z)— a—(x):c
r

(5-1) = ZZCI)k )WV (z) — 2pf (z)z.

Since f attains its maximum in ', V/f = 0 and AS™ ' (f) < 0 there.
Thus for x € I" we have

(5.2) ZCI)’“ )WV (z) = pz.

Taking the norm squared of this gives \*(z) = p* for z € ', where ) is
the dilation of ®. From the hypothesis on ® we get

AR (F) =2 Zdlv (BFVDF) = QZ\VQ)’“\? = 202,

If i : S™ ! < R™ is the inclusion map, then Example 2.23 implies:
AT(f) = AF(F) = 2p(2p +m - 2)f

(5:3) = 2nA% — 2p(2p 4+ m — 2)f.

Since this is non-positive on I' and I’ # @, we obtain (n — 2)p < m — 2.
If f is constant then I' = S™! so by equation (5.2), ) is constantly
equal to p on S™!. Furthermore Asmfl(f) = 0 which implies that
(n—2)p=m—2.
Conversely, if (n — 2)p = m — 2, then from equation (5.3):

AFT(F) = 2N = P f).

From this we get that if f(z) = 0 then AS™ ' (f)(z) > 0. Taking the
norm squared of both sides of equation (5.1) and using the homogeneity
of ® implies

VI =42 - ) = 2 AT ().

Hence AS™ ' (f) > 0 on the whole of $™ ! and since S™ ' is compact,
f must be constant by Corollary 2.31. O

PROOF OF THEOREM 5.5. [*|] We may assume that |®| = 1 on
Sm-1 It follows from Lemma 5.6 that the dilation A\ of ® is con-
stant on S™ !, hence the sphere contains no critical points of ®. For
any y € S" ! and x € R™ \ {0} with ®(z) = y we have

1= [®(z/lz])| = lyl/|z" = [«"*
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so it follows that ®~!(y) € S™!. In particular, the kernel ker d®, =
T,® '(y) is contained in 7,S™ . Thus if ¢ : S™ ! — S"! is the
restriction of ® to the sphere, then ker d®,= ker d¢, for any z € S™ !
and the horizontal space of ¢ at z is the intersection of the horizontal
space of ® at x with T,S™ !. Hence ¢ is horizontally conformal with
constant dilation A. By Theorem 5.4, A = 2 and (m,n) = (4,3), (8,5)
or (16,9) which are the dimensions of the Hopf polynomials. From
Lemma 5.6 we get p = 2, so ® is a quadratic harmonic morphism
and hence bi-equivalent to one of the Hopf polynomials by Example
4.29. O

The other theorem of Eells and Yiu is the following:

Theorem 5.7. [25] Let m > n and ¢ : S™ ' — S be the
restriction of a mon-constant harmonic homogeneous polynomial map
®: R™ — R*. Then ¢ is a harmonic morphism if and only if ® is
bi-equivalent to one of the Hopf polynomials.

PROOF. [%| If ® is bi-equivalent to one of the Hopf polynomials it
follows from the proof of Theorem 5.5 that ¢ is a harmonic morphism.

Conversely, let A\ be the dilation of ¢. If ® is of degree p, then it
follows from Example 2.23 that

_ ldg.* _ plp+m—2)
n—1 n—1

(5.4) 2\ (z)

for x € S™ 1. Thus ¢ is horizontally conformal with constant dilation
so by Theorem 5.4 we must have A = 2 and (m,n) = (4,3), (8,5)
or (16,9). By equation (5.4) we see that p = 2 so ® is a harmonic
homogeneous polynomial of degree 2 in the dimensions of the Hopf
polynomials. Once we have shown that ® is horizontally conformal,
Theorem 5.5 will complete the proof. Since ® is of degree 2, d®, = 0.
The homogeneity of ® now implies that what remains is to prove the
horizontal conformality at points of S™ !. Choose for that purpose z €
S™~1 and denote by H,(®) and H,(¢) the horizontal space of ® and
¢ at x, respectively. Once again by homogeneity, d®, will map every
non-zero vector orthogonal to T, S™ ! to a non-zero vector orthogonal
to Te(;)S™ . Hence ker d®, C T,,S™ ' so

Hao(®) = Ha() & [],
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where [z] denotes the line spanned by z. Since the spaces on the right
hand side are orthogonal it follows that for v, w € H,(¢) and a, 8 € R:

(d®,(v + azx),d®,(w + fz))

(dpy(v) + ad®y(z), dpy(w) + LdP,(z))
= (dgo(v), dds(w)) + 4af| ()|

(v,w) + 4afs

(v+ az,w+ fz),

4
4

where we have used the homogeneity of ®. Thus ® is horizontally
conformal at any point of S™ !. This proves the statement. O

Thus the only harmonic homogeneous polynomials to spaces of
strictly lower dimensions which restrict to harmonic morphisms be-
tween spheres are those which are bi-equivalent to the Hopf polyno-
mials. It should be noted that these are the only known non-trivial
examples of globally defined harmonic morphisms between spheres of
constant curvature +1 (see The Atlas of Harmonic Morphisms [39]).

2. The Symbol of Harmonic Morphisms

We shall now show how the above results can be applied to give
information on the singularities of harmonic morphisms. Recall that
for a function f : R™ — R the p-th differential of f at x € R™ is the
homogeneous polynomial

’f,: T,R" 2R"™ - R
given by
!
PLE &) = 37 0 @E" ()
|k|=p

Thus the p-th differential dPf of f is a natural generalization of
the (first) differential df of f. We recall Taylor’s formula for a CP*!
function f:

Fa+6) = 1)+ dfale) + 5 La(€) + ..+ S PLE) + O

This is generalized to maps between arbitrary Riemannian manifolds
as follows:

Definition 5.8. Assume that M and N are Riemannian manifolds
and ¢ : M — N a differentiable map. The p-th differential of ¢* =

67



y*o ¢ at x € M is the function dP¢$ : T,M — R defined in terms of
local coordinates (z*) around x and (y®) around y = ¢(x) by

« p' « 1 m\Rm
o) = D 170" ¢ (2)(€N)" - (€™)
|k|=p
where £ = (£',... ,€™) are the components of the vector £ € T, M in
the chosen coordinates. The order of ¢ at x is the smallest integer
p > 1 such that for some k, ¢* has a non-vanishing p-th differential
at z. The symbol of ¢ at z is the map o,(¢) : T,M — T,N whose
contravariant components 0% (¢), in the chosen coordinate systems, are
given by
1
oy (8)(§) = Hd%?(ﬁ),
where p is the order of ¢ at z.

It is easy to see that the order and the symbol of a map are both
well defined and independent of the choice of the local coordinates.

Theorem 5.9. [28] Assume that ¢ : M — N is a horizontally
conformal map between Riemannian manifolds. If ¢ is of finite order
at a point x € M, then the symbol of ¢ at x is a harmonic morphism.

PRrOOF. [28],[1] We may choose normal coordinates (z*) and (y*)
centered around z € M and y = ¢(x), respectively, thus identifying
the tangent spaces T, M and T, N with R™ and R" equipped with their
standard Euclidean metrics. The order of ¢ at z, the symbol and the
horizontal conformality will be invariant under these identifications.
Hence it will be enough to prove the theorem at the origin for a hori-
zontally conformal map ¢ : U — R" where U is an open neighbourhood
of 0 € R™, ¢(0) = 0 and the order of ¢ at 0 is finite and equal to p.

If p = 1 then the gradients of the symbol will coincide with the
gradients of the components of ¢ itself. From Example 3.6 it follows
that the symbol, in this case, is horizontally conformal.

Assume p > 2. Obviously for every k:

0 1 4 q L g, 09°

Since 9¢®/0x" is of order > p — 1 at 0, Taylor’s formula gives that

d¢° 1 99 P
w(ﬁ) = m %)o(f) +O(|¢P)

0 1 D i p
= L) +OleP)

pfl(
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If X is the dilation of ¢ we will therefore have

99, 0¢°
V(€ = Y SO (0

J 1 0 -
=2 ga (o) ga 2 ¢5(£)) + O( ).

Note that the sum in the last expression is a homogeneous polynomial
in £ of degree 2p — 2. It follows that

1 5aﬂd2p 2 )\2 Z 80_0 60'0 ¢)

(2p — 2)! ot ot
By Example 3.6, the symbol of ¢ is h0r1z0n1:a11y conformal, and hence
a harmonic morphism by Theorem 4.5. O

A non-constant harmonic morphism ¢ : M™ — N™ is by Theorem
2.26 of finite order everywhere. We therefore have to every point x € M
associated a harmonic morphism R™ — R" homogeneous of degree p,
where p is the degree of the zero of d¢ at . From Theorem 4.3 we now
get the following important theorem:

Theorem 5.10. [5] If m < 2n — 2 and ¢ : M™ — N™ is a non-
constant harmonic morphism, then ¢ is a submersion.

ProoOF. Assume that for some z € M we have d¢, = 0, then the
symbol of ¢ at z is a polynomial harmonic morphism of degree > 2,
contradicting the statement of Theorem 4.3. O

It is well known that for n > 3 the sphere S"*! cannot be a fibre
bundle over S™ (see page 147 of [53]). From the previously mentioned
result of Ehresmann it follows that there are no non-constant harmonic
morphisms

St . gn
for n > 4. Theorem 5.2 now leads to an improvement of this result.

Corollary 5.11. [25],[5] Ifn<m <2n—2 and ¢ : S™ — S™ is a
harmonic morphism, then ¢ is constant.

Corollary 5.12. [5] If m = 2n — 2 and ¢ : M™ — N™ is a non-
constant and non-submersive harmonic morphism, then n = 2,3,5
or 9.

PROOF. Since (m —2) = 2(n —2), either m=n=2orm >n >3
in which case the statement follows from Lemma 5.6 together with
Theorem 5.5. U
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Finally we derive the following non-existence result:

Theorem 5.13. [1] If m < 3n —5 and ¢ : M™ — N" is a non-
constant non-submersive harmonic morphism, then one of the following
conditions must hold:

1.

A

n=23and m =4,

n=>5 and m € {8,9,10},

n =7 and m = 16,

n =8 and m € {16,17,18,19},
n=29 and m € {16,...,22}.

PROOF. Since ¢ is non-submersive its symbol at some point of M
is of degree > 1 and since m < 3n — 5 this degree can not exceed
2 by Theorem 4.3. Hence there must exist a non-constant quadratic
harmonic morphism R™ — R”. By the classification of the quadratic
harmonic morphisms in Chapter 3, this will be an orthogonal projection
followed by a Q-non-singular quadratic harmonic morphism

Rka(n) SR

for some k € N. By hypothesis we must have

2km(n) <3n—5

and it follows easily from Table 1 that these are the only possibilities.

0

70



Bibliography

[1] R. Ababou, P. Baird and J. Brossard, Polynéomes conformes et mor-
phismes harmoniques, Math. Z. (to appear).

[2] N. Aronszajn, A unique continuation theorem for solutions of elliptic
partial differential equations of second order, J. Math. Pures Appl. 36
(1957), 235-249.

[3] S. Axler, P. Bourdon and W. Ramey, Harmonic Function Theory, Grad-
uate Texts in Mathematics, 137, Springer, 1992.

[4] P. Baird, Harmonic Maps with Symmetry, Harmonic Morphisms and
Deformation of Metrics, Research Notes in Mathematics, 87, Pitman,
1983.

[5] P. Baird, Harmonic morphisms and circle actions on 3- and 4-manifolds,
Ann. Inst. Fourier (Grenoble) 40 (1990), 177-212.

[6] P. Baird and J. Eells, A conservation law for harmonic maps, Geometry
Symposium, Utrecht 1980, Lecture Notes in Math. 894, Springer, 1981,
1-25.

[7] P. Baird and Y. L. Ou, Harmonic maps and morphisms from multilinear
normpreserving maps, Internat. J. Math. 8 (1997), 187-211.

[8] P. Baird and J. C. Wood, Bernstein theorems for harmonic morphisms
from R3 and S, Math. Ann. 280 (1988), 579-603.

[9] P. Baird and J. C. Wood, Hermitian structures and harmonic morphisms
in higher dimensional Euclidean spaces, Internat. J. Math. 6 (1995), 161-
192.

[10] P. Baird and J. C. Wood, Weierstrass representations for harmonic
morphisms on Euclidean spaces and spheres, Math. Scand. 81 (1997),
283-300.

[11] P. Baird and J. C. Wood, Harmonic Morphisms between Riemannian
Manifolds (in preparation).

[12] M. Berger, P. Gauduchon and E. Mazet, Le spectre d’une variété Rie-
mannienne, Lecture Notes in Math. 194, Springer, 1971.

[13] L. Bers, Local behaviour of solutions of general elliptic equations, Comm.
Pure App. Math. 8 (1955), 473-496.

[14] J. Bliedtner and W. Hansen, Potential Theory. An Analytic and Prob-
abilistic Approach to Balayage, Springer, 1986.

[15] M. Brelot, Lectures on Potential Theory, Lectures in Mathematics 19,
Tata Institute of Fundamental Research, Bombay 1960.

71



[16] W. Browder, Higher torsion in H-spaces, Trans. Amer. Math. Soc. 108
(1963), 353-375.

[17] M. P. do Carmo, Differential Geometry of Curves and Surfaces,
Prentice-Hall, 1976.

[18] C. Constantinescu and A. Cornea, Compactifications of harmonic
spaces, Nagoya Math. J. 25 (1965), 1-57.

[19] U. Dierkes, S. Hildebrandt, A. Kuster and O. Wohlrab, Minimal Sur-
faces I, Grundlehren der Mathematischen Wissenschaften 295, Springer,
1992.

[20] J. Eells and L. Lemaire, A report on harmonic maps, Bull. London
Math. Soc. 10 (1978), 1-68.

[21] J. Eells and L. Lemaire, Selected Topics in Harmonic Maps, CMBS
Regional Conference Series in Mathematics 50, Amer. Maths. Soc., 1983.

[22] J. Eells and L. Lemaire, Another report on harmonic maps, Bull. Lon-
don Math. Soc. 20 (1988), 385-524.

[23] J. Eells and A. Ratto, Harmonic Maps and Minimal Immersions with
Symmetries, Annals of Mathematics Studies 130, Princeton University
Press, 1993.

[24] J. Eells and J. H. Sampson, Harmonic mappings of Riemannian mani-
folds, Amer. J. Math. 86 (1964), 109-160.

[25] J. Eells and P. Yiu, Polynomial harmonic morphisms between Euclidean
spheres, Proc. Amer. Math. Soc. 123 (1995), 2921-2925.

[26] C. Ehresmann, Les connezions infinitésimales dans un espace fibré
différentiable, Colloque de Topologie, Bruxelles, 1950, 29-55.

[27] D. Ferus, H. Karcher and H. F. Minzner, Cliffordalgebren und neue
isoparametrische Hyperflichen, Math. Z. 177 (1981), 479-502.

[28] B. Fuglede, Harmonic morphisms between Riemannian manifolds, Ann.
Inst. Fourier (Grenoble) 28 (1978), 107-144.

[29] B. Fuglede, A criterion of non-vanishing differential of a smooth map,
Bull. London Math. Soc. 14 (1982), 98-102.

[30] F. B. Fuller, Harmonic mappings, Proc. Nat. Acad. Sci. U.S.A. 40
(1954), 987-991.

[31] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations
of Second Order, Grundlehren der Mathematischen Wissenschaften, 224,
Springer, 1977.

[32] H. Gluck, F. Warner and W. Ziller, The geometry of the Hopf fibrations,
Enseign. Math. 32 (1986), 173-198.

[33] R. E. Greene and H. Wu, Embedding of open Riemannian manifolds by
harmonic functions, Ann. Inst. Fourier (Grenoble) 25 (1975), 215-235.

[34] D. Gromoll, W. Klingenberg and W. Mayer, Riemannshe Geometrie im
Grofen, Lecture Notes in Math. 55, Springer, 1975.

[35] S. Gudmundsson, The Geometry of Harmonic Morphisms, Ph.D. thesis,
University of Leeds (1992).

[36] S. Gudmundsson, On the existence of harmonic morphisms from sym-
metric spaces of rank one, Manuscripta Math. 93 (1997), 421-433.

72



[37] S. Gudmundsson, Harmonic morphisms as sphere bundles over compact
Riemann surfaces, Internat. J. Math. 8 (1997), 935-942.

[38] S. Gudmundsson, The Bibliography of Harmonic Morphisms,
http://www.maths.lth.se/matematiklu/personal/sigma/harmonic/
bibliography.html

[39] S. Gudmundsson, E. Lobeau, S. Montaldo and M. T. Mustafa, The Atlas
of Harmonic Morphisms, http://www.maths.lth.se/matematiklu/
personal/sigma/harmonic/atlas.html

[40] R. M. Hervé, Recherches aziomatiques sur la théorie des fonctions
surharmoniques et du potentiel, Ann. Inst. Fourier (Grenoble) 12 (1962),
415-571.

[41] A. C. L. Hsu, A characterization of the Hopf map by stretch, Math. Z.
129 (1972), 195-206.

[42] A. Hurwitz, Uber die Komposition der quadratischen Formen von be-
liebig vielen Variablen, Nachrichten der Konigl. Ges. der Wiss. Gottingen
(1898), 309-316.

[43] T. Ishihara, A mapping of Riemannian manifolds which preserves har-
monic functions, J. Math. Kyoto Univ. 19 (1979), 215-229.

[44] C. G. J. Jacobi, Uber eine Liosung der partiellen Differentialgleichung

2L + 2% + 2¥ =0, J. Reine Angew. Math. 36 (1848), 113-134.

022

[45] M. T. Mustafa, A Bochner technique for harmonic morphisms, J. Lon-
don Math. Soc. (to appear).

[46] M. T. Mustafa, Restrictions of harmonic morphisms, preprint, ICTP
Trieste (1997).

[47] B. O'Neill, The fundamental equations of a submersion, Michigan Math.
J. 13 (1966), 459-469.

[48] Y. L. Ou, On construction of harmonic morphisms into Euclidean
Space, J. Guanxi Univ. Nat. 2 (1996), 1-6.

[49] Y. L. Ou, Quadratic harmonic morphisms and O-systems, Ann. Inst.
Fourier (Grenoble) 47 (1997), 687-713.

[50] Y. L. Ou and J. C. Wood, On the classification of harmonic morphisms
between Euclidean spaces, Algebras, Groups and Geometries 13 (1996),
41-53.

[61] J. H. Sampson, Some properties and applications of harmonic mappings,
Ann. Ecole Norm. Sup. 11 (1978), 211-228.

[62] E. H. Spanier, Algebraic Topology, McGraw-Hill, 1966.

[63] N. Steenrod, The Topology of Fibre Bundles, Princeton Mathematical
Series 14, Princeton University Press, 1951.

[64] Z. Tang, Harmonic polynomial morphisms between Euclidean spaces,
preprint, ICTP Trieste (1996).

[65] J. G. Timourian, Fiber bundles with discrete singular set, J. Math.
Mech. 18 (1968), 61-70.

[66] H. Urakawa, Calculus of Variations and Harmonic Maps, Translations
of Mathematical Monographs 132, Amer. Math. Soc., 1993.

73



[67] K. Weierstrass, Untersuchungen tber die Fldchen, deren Mittlere
Krimmung dberall gleich Null ist, Math. Werke 3, 39-52, Mayer &
Miiller, Berlin, 1903.

(58] J. A. Wolf, Differentiable fiber spaces and mappings compatible with
Riemannian metrics, Michigan Math. J. 11 (1964), 65-70.

[59] J. C. Wood, Harmonic morphisms, foliations and Gauss maps, Con-
temp. Math. 49, Amer. Math. Soc., 1986, 145-184.

[60] Y. Xin, Geometry of Harmonic Maps, Progress in Nonlinear Differential
Equations and Their Applications 23, Birkhauser, 1996.

74



