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AbstractThe aim of this Master's thesis is to be the �rst survey of knownresults on polynomial harmonic morphims between Euclidean spaces.These were �rst studied by Baird in [4] in the early 1980s. He obtainedseveral results on the subject but left open the, still unsolved, classi�ca-tion of such maps. In the article [25] from 1995, Eells and Yiu classi�edthe homogeneous polynomial harmonic morphisms whose restrictionsto spheres are again harmonic morphisms to spheres. These are thewell known Hopf polynomials of degree 2. This result revitalized thesubject and soon thereafter, Ou obtained a complete classi�cation ofthe homogeneous polynomial harmonic morphisms of degree 2. Duringthe preparation of this thesis, a very interesting development has takenplace with Ababou, Baird and Brossard writing the article [1], provingthat this is still a very active area of research.In Chapter 1 we discuss the Weierstrass representation of minimalsurfaces as a motivating example and the history of general harmonicmorphisms, beginning with Jacobi some 150 years ago.Chapters 2 and 3 are devoted to the introduction of harmonic mapsand harmonic morphisms where we also derive some of their basic prop-erties.In Chapter 4 we then study polynomial harmonic morphisms. Weshow that every globally de�ned harmonic morphism between Eu-clidean spaces of su�ciently high dimensions is necessarily polynomial.We give the complete classi�cation due to Ou of those homogeneousof degree 2 and discuss some examples of higher degree. A generalmethod for constructing non-trivial examples is provided and we makea conjecture on the structure of polynomial harmonic morphisms basedon known results on those of degree 2.In Chapter 5 we use the results of Chapter 4 to give a new proof ofthe above mentioned result by Eells and Yiu regarding homogeneouspolynomial harmonic morphisms between Euclidean spheres. Finally,we show how the results derived so far can be used to give informationconcerning the singularities of general harmonic morphisms.It has been my �rm intention throughout this work to give referencesto the stated results and credit to the work of others. The only resultsI claim are mine will appear in chapter 4 and 5 and have been markedwith an asterix [�]. Any statement, example or proof left unmarked, isconsidered to be too well known for a reference to be given.2
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CHAPTER 1Introduction1. MotivationThe study of harmonic morphisms involves to a large extent thestudy of harmonicity and minimal submanifolds, two concepts whichthemselves are strongly related. In this section we illustrate this rela-tionship with an example from classical di�erential geometry relatingthe mean curvature of a surface in R3 to the Laplacian of the coordinatefunctions. For details see [19].A regular parametrized surface is a C2-mapX : U � C ! R3where U is open and connected. The map X is assumed to have injec-tive di�erential, so that along the image X(U) in R3 we have a normalvector �eld N = @X@u � @X@vj@X@u � @X@v j :It is customary to use the following notation:E = ���@X@u ���2; F = D@X@u ; @X@v E; G = ���@X@v ���2;and e = DN; @2X@u2 E; f = DN; @2X@u@vE; g = DN; @2X@v2 E:Then the mean curvature of the surface is de�ned asH = �12trace(dN) = 12 eG+ gE � 2fFEG� F 2and X is said to be a parametrized minimal surface if the mean curva-ture vanishes everywhere.Now let V be a relatively compact subset of the domain U and hbe a C1-function on �V . ThenXt(u; v) = X(u; v) + th(u; v)N(u; v)5



is called the normal variation of X( �V ) determined by h. The followingvery geometric result motivates the name minimal (see do Carmo [17]for a proof):Theorem 1.1. Let X : U ! R3 be a regular parametrized C2-surface. Then X is minimal if and only if for every bounded V � �V �U and every normal variation Xt of X( �V ) we haveddtArea(Xt( �V ))���t=0 = 0:It is well known that every regular C2-surface in R3 may locallybe parametrized by isothermal coordinates i.e. coordinates for whichE = G and F = 0. Let us therefore assume that X is isothermal. Thenwe have for the Laplacian 4(X) of X:D@X@u ;4(X)E = D@X@u ; @2X@u2 E+ D@X@u ; @2X@v2 E= D@X@u ; @2X@u2 E� D @2X@v@u; @X@v E= 12 @@u ���@X@u ���2 � 12 @@u ���@X@v ���2= 0and similarly D@X@v ;4(X)E = 0. Hence 4(X) is normal to the surfaceand H = e + g2E = hN;4(X)i2E :This implies the following.Theorem 1.2. If X : U ! R3 is a parametrized C2-surface withj@X@u j2 = j@X@v j2 and h@X@u ; @X@v i = 0, then X is minimal if and only if X isharmonic.In the spirit of Theorem 1.2 a minimal parametrized surface can bede�ned as a map X : U � C ! R3satisfying ���@X@u ���2 = ���@X@v ���2; D@X@u ; @X@v E = 0and 4(X) = 0:6



If we in addition to this assume that U is simply connected, it followsfrom elementary complex analysis that there exists a holomorphic map	 : U ! C 3 such that X = Re 	:That X is isothermal is then equivalent to(@	1@z )2 + (@	2@z )2 + (@	3@z )2 = 0:Choosing 	 suitably leads us to the famous representation by Weier-strass:Theorem 1.3 (The Weierstrass Representation). [57] Let U be anopen, simply connected subset of C and X : U ! R3 a parametrizedsurface satisfying ���@X@u ���2 = ���@X@v ���2; D@X@u ; @X@v E = 0and 4(X) = 0:Then there is exists pair of meromorphic functions f; g in U such thatf and fg2 are holomorphic, f; g 6� 0 andX(z) = X(z0) + Re Z zz0 f(w)((1� g(w)2); i(1 + g(w)2); 2g(w))dwfor all z0 2 U . Conversely, every pair f; g of meromorphic functionsas above de�ne a minimal parametrized surface in this way.In the next section we shall see how the results presented heredemonstrate a certain duality between minimal conformal immersionsand harmonic morphisms. 2. HistoryThe history of harmonic morphisms is generally thought to havebegun with the article [44] of Jacobi from 1847 on the solutions ofLaplace's equation in three dimensions. Here Jacobi investigated nec-essary conditions for a complex valued function �, de�ned on an opensubset of R3 such that for any holomorphic function f , the compositionf � � is harmonic i.e. 4(f � �) = 0:A harmonic morphism though ought to be a map that in some sensepreserves a harmonic structure. It was for that purpose, more than7



a century after Jacobi, that harmonic morphisms were formally intro-duced by Constantinescu and Cornea in [18] in the context of harmonicspaces in abstract potential theory.In general, a harmonic space (in the sense of Brelot, see [15]) is alocally compact Hausdor� space X endowed with a sheaf H, assigningto each open subset U of X a real subspace H(U) of the continuousfunctions on U such that the following conditions are satis�ed:1. X has an open base for its topology consisting of regular sets.A regular set is an open, relatively compact subset V of X withnon-empty boundary @V , such that for every continuous functionf on @V , there is a unique element HVf 2 H(V ) which can beextended to �V and equals f on @V . Furthermore, if f � 0 thenHVf � 0.2. If U � X is open and connected and fu�g�2A is an up-directedfamily in H(U), then either sup�2A u� is in H(U) or sup�2A u� �+1.For an open subset U of X we call H(U) the harmonic functions onU . It is well known that Rn is a harmonic space with the harmonicfunctions as solutions to Laplace's equation. More generally, everyRiemannian manifold is a harmonic space with the harmonic functionsas zeros to the Laplace-Beltrami operator. These results are essentiallydue to R. M. Herv�e who showed (see [40], Chapter 7) that the solutionsto a uniformly elliptic equationmXi;k=1 aik @2f@xi@xk + mXi=1 bi @f@xi + cf = 0with coe�cients aik; bi and c locally Lipschitz in a domain 
 � Rmde�nes a system satisfying the axioms of a harmonic space.As de�ned by Constantinescu and Cornea in [18], a harmonic mor-phism is a continuous map � : X ! X 0between harmonic spaces X and X 0 such that for every open U � X 0and harmonic function f on U , the compositionf � � : ��1(U)! Ris harmonic. Since every harmonic function on C is locally the real partof a holomorphic function, we see that this is exactly what Jacobi wasinvestigating. The aim of Constantinescu and Cornea was to generalizeresults from the theory of Riemann surfaces to harmonic spaces, withharmonic morphisms replacing the holomorphic maps.8



Some decade after Constantinescu and Cornea's article, Fugledeand Ishihara published, independently, their investigations on harmonicmorphisms in Riemannian geometry (see [28] and [43]). Their resultsshowed that in the special case when the harmonic spaces are Riemann-ian manifolds, the harmonic morphisms are rich in geometric features,with several interesting applications and problems.If we return to Jacobi for a while, assume that � : 
 ! C is aharmonic morphism, where 
 � R3 is open. By choosing f(w) = w forw 2 C we see that � is in fact smooth. Furthermore for a holomorphicfunction f , whenever the composition is de�ned, we have:0 = 4(f � �)= @2f@w2�(@�@x )2 + (@�@y )2 + (@�@z )2� + @f@w4(�):Since f may be chosen arbitrary we see, in this case, that the followingtwo conditions are necessary and su�cient for � to be a harmonicmorphism:i) The map � is harmonic, that is@2�@x2 + @2�@y2 + @2�@z2 = 0;ii) the map � satis�es(@�@x )2 + (@�@y )2 + (@�@z )2 = 0:These conditions were obtained by Jacobi and both Fuglede and Ishi-hara noticed that they have natural generalizations to the case when� : (M; g)! (N; h) is a map between arbitrary Riemannian manifolds.These generalized conditions together remain necessary and su�cientfor � to be a harmonic morphism.The condition i) says that � must be a harmonic map. Such mapswere introduced as maps � : (M; g)! (N; h) which are, in the sense ofthe calculus of variations, the critical points of the energy functionalE(�) = 12 ZM jd�j2�:The manifoldsM and N are here assumed to be compact and oriented,but the Euler-Lagrange equation of this variational problem makes itpossible to de�ne harmonic maps between arbitrary Riemannian man-ifolds. The �rst formal de�nition of a harmonic map was given byFuller in the year 1954 in [30] after some preliminary work by Bochner9



and Morrey. A thorough investigation of harmonic maps was also con-ducted by Eells and Sampson some decade later in their celebratedarticle [24].If we write � = �1 + i�2, in the special case of N = C , then thesecond condition ii) obtained by Jacobi is equivalent tojgrad(�1)j2 = jgrad(�2)j2; hgrad(�1); grad(�2)i = 0:This means that for x 2 
, either d�x = 0 or grad(�1) and grad(�2)span a 2-dimensional subspace of TxR3 �= R3 which is mapped confor-mally onto T�(x)C �= C by d�x. This is expressed by saying that � ishorizontally weakly conformal.If we compare the equations i) and ii) with those obtained in theprevious section for minimal isothermal parametrized surfaces, we seethe duality mentioned earlier: the concept of a harmonic morphism isin a sense dual to that of a harmonic conformal map.The harmonicity and the weak horizontal conformality give the the-ory of harmonic morphisms both analytic and geometric dimensions butalso make the question of existence very di�cult, since we are dealingwith an over-determined non-linear system of partial di�erential equa-tions.Soon after Fuglede and Ishihara, several mathematicians followedin the study of harmonic morphisms. To solve the question of exis-tence, attempts were made to classify harmonic morphisms in di�erentcontexts. Jacobi had himself investigated the conditions for a functionF = F (x; y; z; w) where (x; y; z; w) 2 R3 � C , such that every localsolution w = �(x; y; z) to the equationF (x; y; z; w) = 0is a harmonic morphism. He proved that this is true if F is holomorphicin w and a harmonic morphism in the �rst three variables. In particularhe studied the case when the equation is given byA(w)x+B(w)y + C(w)z = 1;where A;B and C are holomorphic functions satisfyingA2 +B2 + C2 = 0:In the late 1980's, Baird and Wood gave in [8] a complete classi�cationof harmonic morphisms from domains of R3 to any Riemann surfaceN2.This was one of the �rst classi�cation result for harmonic morphismsand could be seen as a complete solution to the problem posed byJacobi. Their result is essentially that every harmonic morphism � :10




 � R3 ! N2 arises as a local solution � = �(x; y; z) of an equationof the kind:hf(w)(1� g(w)2); i(1 + g(w)2); 2g(w)); (x; y; z)i = 1;for two meromorphic functions f; g : N2 ! C [f1g. With the dualitymentioned earlier in mind, this should be compared with Theorem 1.3.After this result was published, the theory of harmonic morphismshas grown rapidly as can be seen on the Bibliography of HarmonicMorphisms [38]. At present, Baird and Wood are writing the �rstbook [11] on the subject.
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CHAPTER 2Harmonic MapsThroughout this work we shall by a Riemannian manifold (Mm; g)mean a smooth (i.e. C1), real connected manifold of dimension mtogether with a smooth Riemannian metric g. The dimension m is al-ways meant to be �nite. We denote by rM the Levi-Civita connectionof M associated with the metric g and by M�kij its coe�cients. Theletters M , N and P are reserved to mean Riemannian manifolds. Allmaps M ! N and functions M ! R are unless otherwise stated un-derstood to be smooth and so is any section of a smooth vector bundle� : V !M overM . We denote by C1(V ) the totality of such sections.In this chapter we present the basic notion of a harmonic map be-tween Riemannian manifolds. To do this in an invariant way, we �rstintroduce the second fundamental form of a map in terms of vectorbundles and sections, thus relating it to the common notion of the sec-ond fundamental form of an immersion and its mean curvature vector.For a deeper exposition of harmonic maps we refer the reader to thereports [20], [21], [22] and the books [56] and [60].1. The Second Fundamental FormIn this section we shall de�ne the pull-back bundle of a map betweenRiemannian manifolds and equip it with a suitable Riemannian metrictogether with a compatible connection.De�nition 2.1. Let � : M ! N be a map. The pull-back bundleof � is the bundle � : ��1(TN)!M over M with��1(TN) = f(x; v) j x 2M; v 2 T�(x)Ngand �(x; v) = x for x 2M; v 2 T�(x)N:Thus ��1(TN) is the induced vector bundle of TN by �. Obviously,if n is the dimension of N , this is an n-dimensional vector bundle overM : for x 2 M choose a neighbourhood U of �(x) in N and a smooth13



trivialization : U�Rn ! ��1(U), where � : TN ! N is the canonicalprojection. Then��1(U)� Rn 3 (y; v) 7! (y;  (�(y); v)) 2 ��1(��1(U))is a smooth trivialization of ��1(��1(U)). A section V 2 C1(��1(TN))of the pull-back bundle is by de�nition a mapV :M ! ��1(TN)such that Vx 2 T�(x)Nfor every x in M . Thus for Z 2 C1(TN), x 7! Z�(x) is an elementof C1(��1(TN)) denoted by ��(Z) or simply Z. Another importantexample of a section of ��1(TN) is the mapM 3 x 7! d�x(Xx)for a section X 2 C1(TM) of the tangent bundle of M .De�nition 2.2. By a smooth variation of � : M ! N we mean afamily �t of maps �t :M � (��; �)! N , � > 0, such that �0 = �.If �t is a smooth variation of � thenM 3 x 7! @�t(x)@t ���t=0 2 T�0(x)N = T�(x)Nis a section of ��1(TN). Conversely, for a section V 2 C1(��1(TN))de�ne a family �t(x) =exp�(x)(tVx). IfN is complete this will be de�nedthroughout M � R and@�t(x)@t ���t=0 = d(exp�(x))0(Vx) = Vx:Thus we have:Proposition 2.3. If N is complete then for a map � : M ! N ,every section in C1(��1(TN)) is of the formM 3 x 7! @�t(x)@t ���t=0 2 T�(x)Nfor some smooth variation �t of �.Since we have Vx 2 T�(x)N for a section V 2 C1(��1(TN)) andx 2 M , we may de�ne a Riemannian metric, also denoted by h, on��1(TN) by h(V;W )(x) = h�(x)(Vx;Wx)for x 2M and sections V;W 2 C1(��1(TN)) of the pull-back bundle.Thus we have made ��1(TN) into a smooth Riemannian vector bundle14



overM . Our next step is to de�ne a connection on ��1(TN) compatiblewith h. For X; Y 2 C1(TM) and x 2M choose a curve 
 : (��; �)!M with 
(0) = x and 
0(0) = Xx. Let P
;t : TxM ! T
(t)M denoteparallel transport along 
. Then from the compatibility of the Levi-Civita connection on M we haverMX Y (x) = ddt ���t=0P�1
;t (Y
(t)):(2.1)It is therefore natural to make the following de�nition:De�nition 2.4. The pull-back connection of � : M ! N is theconnectionr� : C1(TM)� C1(��1(TN))! C1(��1(TN))on ��1(TN) de�ned byr�XV (x) = ddt ���t=0P�1��
;t(V
(t));for x 2 M , X 2 C1(TM), V 2 C1(��1(TN)) and 
 : (��; �) ! M acurve with 
(0) = x, 
0(0) = Xx. Here P��
;t : T�(x)N ! T�(
(t))N isthe parallel transport along � � 
.It is a direct consequence of De�nition 2.4 and equation (2.1) thatfor Z 2 C1(TN) we have:r�X��(Z)(x) = ddt ���t=0P�1��
;t(Z��
(t)) = ��(rNd�x(X)Z)(x):(2.2)It is easy to see that r� is a well de�ned connection on ��1(TN)and uniquely determined by equation (2.2). Furthermore it is an easyconsequence of the fact that parallel transport is an isometry that r�is compatible with the metric h on ��1(TN) (see [21], page 4 and [56],page 126).Proposition 2.5. If � : M ! N is a map and X, Y 2 C1(TM),then r�Xd�(Y )�r�Y d�(X)� d�([X; Y ]) = 0:Proof. Since the left hand side is tensorial inX and Y , it is enoughto prove the statement for X = @@xi and Y = @@xj for local coordinates(xk) around x 2M . For that purpose we choose local coordinates (y�)15



on N around y = �(x). Thenr�@@xi d�( @@xj )�r�@@xj d�( @@xi ) =X� r�@@xi @��@xj @@y� �X� r�@@xj @��@xi @@y�=X� ( @2��@xi@xj � @2��@xj@xi ) @@y�+X� (@��@xj r�@@xi @@y� � @��@xi r�@@xj @@y� ):The symmetry of the second derivatives implies that the �rst sum inthe last expression vanishes. The second is also zero since by equation(2.2): X� @��@xj r�@@xi @@y� =X�;� @��@xj @��@xi rN@@y� @@y�=X�;� @��@xj @��@xi rN@@y� @@y�=X� @��@xi r�@@xj @@y� :On the cotangent bundle T �M of M we have a metric g� obtainedby identifying �; � 2 T �xM with their inverse images in TxM under theisomorphism TxM 3 Z 7! gx(Z; � ) 2 T �xM:Thus if � = gx(X; � ) and � = gx(Y; � ) for some X; Y 2 TxM , theng�x(�; �) = gx(X; Y ):On the tensor product T �M 
 ��1(TN) we may then de�ne a metrich � ; � i by h�
 V; � 
W i(x) = g�(�; �)h�(x)(V;W )for �; � 2 C1(T �M) and V;W 2 C1(��1(TN)). Since the di�erentiald� of � is a section of T �M 
 ��1(TN) we get by de�nitionhd�; d�i(x) =Xi h�(x)(d�x(ei); d�x(ei))= traceg��h(x);16



where (ei) is any orthonormal base of the tangent space TxM .Recall that on T �M we have a connection r� dual to rM given by(r�X�)(Y ) = X(�(Y ))� �(rMX Y )for X; Y 2 C1(TM) and � 2 C1(T �M), i.e. r� is the ordinary co-variant di�erential of 1-forms on M . Thus we may de�ne a connectionon C1(T �M 
 ��1(TN)) by the following:De�nition 2.6. For a map � : M ! N , r̂ is the connection onC1(T �M 
 ��1(TN)) given byr̂X(�
 V ) = (r�X�)
 V + �
 (r�XV )for X 2 C1(TM), � 2 C1(T �M) and V 2 C1(��1(TN)).That r̂ is a well de�ned connection on T �M
��1(TN) is clear andit is easy to verify that it will be compatible with the metric h � ; � i:De�nition 2.7. For � : M ! N the second fundamental form of� is the covariant derivative r̂d� of d� by r̂.By de�nition we have:r̂d�(X; Y ) = (r̂Xd�)(Y ) = r�Xd�(Y )� d�(rMX Y )(2.3)for X; Y 2 C1(TM). Using Proposition 2.5 it is easy to see that thesecond fundamental formr̂d� : C1(TM)� C1(TM)! C1(��1(TN))is symmetric and tensorial i.e. bi-linear over the ring of smooth func-tions M ! R.De�nition 2.8. For a map � : M ! N the tension �eld of � isthe trace of the second fundamental form of �:�(�) = trace(r̂d�):For maps � : M ! N and  : N ! P we write d (r̂d�) for thesection d (r̂d�(�)) and r̂d (d�; d�) for r̂d (d�(�); d�(�)). From thechain rule we now deduce the following:Proposition 2.9. If � :M ! N and  : N ! P are maps betweenRiemannian manifolds, thenr̂d( � �) = d (r̂d�) + r̂d (d�; d�)and �( � �) = d (�(�)) + trace(r̂d (d�; d�)):17



2. Harmonic MapsWe now have the proper tools for de�ning the concept of a har-monic map between Riemannian manifolds and to derive its funda-mental properties.De�nition 2.10. Let M and N be Riemannian manifolds. A map� : M ! N is said to be harmonic if its tension �eld vanishes every-where: �(�) = 0:We also de�ne a stronger related concept:De�nition 2.11. Let M and N be Riemannian manifolds. A map� :M ! N is said to be totally geodesic if its second fundamental formvanishes everywhere: r̂d� = 0:We see from Proposition 2.9 that the composition of two totallygeodesic maps is totally geodesic but that this need not be true for twoharmonic maps. As indicated in the previous section the theory has aclose connection with the calculus of variations. We therefore proceedto give a variational characterization of harmonic maps.De�nition 2.12. Let M and N be Riemannian manifolds and as-sume that M is compact and oriented. For a map � : M ! N theenergy functional is the integralE(�) = 12 ZM jd�j2�;where � is the volume form of M and jd�j2 = hd�; d�i is the squarednorm of d� as de�ned in the previous section. The map � is said to bea critical point of the energy functional ifddtE(�t)���t=0 = 0:for any smooth variation �t of �.Theorem 2.13. [24] Let M and N be compact Riemannian man-ifolds. If M is oriented then a map � : M ! N is harmonic if andonly if it is a critical point of the energy functional.Proof. We mainly follow Urakawa in [56]. Let �t be a smoothvariation of � and write �(t; x) = �t(x) : (��; �) �M ! N . Choosea local orthonormal frame (ei) of the tangent bundle TM and write18



ei for (0; ei) as vector �elds of the product manifold (��; �) �M . ByProposition 2.5 we haver�@@td�(ei) = r�eid�( @@t):For jtj < �, de�ne Xt 2 C1(TM) byg(Xt; Y ) = h(d�( @@t); d�(Y ))for an arbitrary Y 2 C1(TM). Then12 ddtXi h(d�(ei); d�(ei)) =Xi h(r�@@td�(ei); d�(ei))=Xi h(r�eid�( @@t); d�(ei))=Xi �ei(g(Xt; ei))� h(d�( @@t); d�(rMei ei))��Xi h(d�( @@t); r̂d�(ei; ei))= div(Xt)� h(d�( @@t);Xi d�(ei; ei)):The integral of the �rst term vanishes by Stokes' theorem. Thus weobtain ddtE(�t)���t=0 = � ZM h(@�t@t ���t=0; �(�))�:(2.4)Since this holds for any smooth variation �t of � the statement follows.Remark 2.14. Equation (2.4) is generally refered to as the �rstvariation. As mentioned in the previous chapter, harmonic maps wereoriginally introduced as solutions to this variational problem. Intu-itively, deforming � in a manner that increases the \topological irregu-larity" (Fuller [30], page 987) of �, will also increase the energy E(�).Thus the idea was to �nd harmonic representatives in each homotopyclass of maps M ! N to be used as homotopic normalizers of givenmaps. This was the main theme of the article [24] of Eells and Sampsonwhere the following result was achieved:Theorem 2.15 (The Eells-Sampson Existence Theorem). [24] Let(M; g) and (N; h) be compact oriented Riemannian manifolds where19



(N; h) has non-positive sectional curvature. Then any homotopy classof continuous maps (M; g) ! (N; h) has an energy minimizing har-monic representative.For more details on the Eells-Sampson Existence Theorem and itshistory we refer to the book [56] of Urakawa.For a function f : M ! R and a local orthonormal frame (ei) forthe tangent bundle TM of M we have�(f) = trace(r̂df)=Xi r̂df(ei; ei)=Xi (rfeidf(ei)� df(rMei ei))=Xi (ei(ei(f))�rMei ei(f))=Xi g(rMei grad f; ei)= div(grad(f))and we recover the familiar Laplace-Beltrami operator 4M=div(grad)on M . For this reason we shall in the case of a function henceforthwrite 4M instead of � .Choosing local coordinates (xk) and (y�) around points x 2 Mmand y 2 Nn with y = �(x) for � : M ! N , a straightforward calcula-tion gives�(�)� =Xi;j gij(r̂d�)�ij=Xi;j gij @2��@xi@xj �Xi;j;k gij M�kij @��@xk + Xi;j;�;
 gij N���
 @��@xi @�
@xj= 4M(��) + Xi;j;�;
 gij N���
 @��@xi @�
@xj
(2.5)
for � = 1; : : : ; n. This implies that if N = Rn then � is harmonic ifand only if each of its components are harmonic functions and�(�) = (4M(�1); : : : ;4M(�n)):Example 2.16. Let I be an open interval of R, 
 : I ! M bea regular curve on M and (xk) local coordinates on M . Then from20



equation (2.5) we get:�(
)k = d2
kdt2 +Xi;j M�kij d
idt d
jdtThus 
 is harmonic if and only if it is a geodesic.Example 2.17. If � : Mm ! Nn is an isometric immersion wemay identify X 2 C1(TM) with d�(X) 2 C1(��1(TN)) and considerTxM to be a subspace of T�(x)N for x 2M . Since for X; Y 2 TxM :rNd�(X)d�(Y ) = r̂d�(X; Y ) + d�(rMX Y )and we see that r̂d� is the second fundamental form of M in theclassical sense i.e. the orthogonal projection of rNXY onto the normalspace (TxM)? with the identi�cation mentioned above. Recall that themean curvature vector ofM inN is the trace of the second fundamentalform divided by m and that � is said to be a minimal immersion of Minto N if the mean curvature vector vanishes. Thus we have:Theorem 2.18. [24] An isometric immersion is minimal if andonly if it is harmonic.The name minimality is motivated by the fact that ifM is compactand orientable, then � is minimal if and only if � is a critical point ofthe volume functional V (�) = ZM ��where �� is the volume form of M associated with the induced metricg = ��h. Actually, for every smooth variation by immersions (�t) of �one may prove (see [23], page 21) thatddtV (�t)���t=0 = � ZMh@�t@t ���t=0; �(�)i��:There is a natural generalization of isometric immersions to (weakly)conformal maps i.e. maps � : (M; g)! (N; h) with ��h = �2g for somefunction � :M ! R+ [ f0gcalled the conformal factor of �. The adjective weak indicates that �may take the value 0 in which case d� = 0. Theorem 2.18 can now begeneralized to the following:Theorem 2.19. Let m � 2 and � : (Mm; g) ! (Nn; h) be a con-formal immersion. Then 21



a) if m = 2 then � is harmonic if and only if M is minimal in N .b) if m > 2 then two of the following conditions implies the other:1) � is harmonic,2) M is minimal in N ,3) � is a homothety i.e. its conformal factor is constant.Proof. Denote by � the conformal factor of � so that ��h = �2g.We de�ne a new Riemannian metric ~g onM as the pull-back of h by �:~g = ��h. If rM and ~rM are the Levi-Civita connections of (M; g) and(M; ~g), respectively, then since ~g = �2g one may easily deduce that(see page 90 of [34])~rMX Y = rMX Y + ��22 X(�2)Y + ��22 Y (�2)X � ��22 g(X; Y )gradg(�2)for X; Y 2 C1(TM). Here gradg is the gradient in (M; g). Thus iffX1; : : : ; Xmg is a local orthonormal frame of (M; g) we then have fori = 1; : : : ; m:~rMXiXi = rMXiXi + ��2Xi(�2)Xi � �22 gradg(�2):Since � : (M; ~g)! (N; h) is an isometric immersion it follows that(rNd�(Xi)d�(Xi))? = rNd�(Xi)d�(Xi)� d�( ~rMXiXi)= rNd�(Xi)d�(Xi)� d�(rMXiXi)+ �2d�(12gradg(�2)�Xi(�2)Xi)for i = 1; : : : ; m. Hence by summing over i we arrive atmH = �(�) + ��22 (m� 2)d�(gradg(�2))which immediately proves the theorem.The concept of weak conformality is dual to that of horizontal weakconformality which we will de�ne in the next chapter. We will also de-rive a result corresponding to Theorem 2.19 for horizontally conformalmaps.Example 2.20. Let � : M ! Sn�1 be a map into the unit spherein Rn , i : Sn�1 ,! Rn be the inclusion map and �̂ = i � �. Then thecomposition law gives:�(�̂) = di(�(�)) + trace(r̂di(d�; d�)):Note that the �rst term on the right is tangent to the sphere and thesecond is orthogonal to it. Thus � is harmonic if and only if �̂ is parallel22



to �(�̂) i.e. if the tangential part of �(�̂) vanishes. If f(x) = jxj2,x 2 Rn , then0 = 4M(f � �̂) = df(�(�̂) + trace(r̂df(d�̂; d�̂))= 2�hgrad f; �(�̂)i+ trace(r̂df(d�̂; d�̂))�= 2(h�̂; �(�̂)i+ jd�j2):Hence � is harmonic if and only if �(�̂) = �jd�j2�̂.Example 2.21. If � : Rn n f0g ! Sn�1 is the radial projectiongiven by �(x) = x=jxj, we see, using the notation of Example 2.20,that �(�̂) = �(n� 1)jxj�2�̂(x);Hence � is a harmonic map and jd�xj2 = (n� 1)jxj�2.Example 2.22. Let 
 : Hnnf0g ! Sn�1 be given by 
(x) = x=jxj,where Hn = (f x 2 Rn j jxj < 1 g; 4(1� jxj2)2 h � ; � iRn)is the hyperbolic space of constant curvature �1. Then we get�(
̂)(x) = �(n� 1)(1� jxj2)24jxj2 
̂(x):Thus 
 is a harmonic map with jd
xj2 = (n� 1)(1� jxj2)2=4jxj2.Example 2.23. Let i : Sm�1 ,! Rm be the inclusion and let x 2Sm�1. Choose a local orthonormal frame fe1; : : : ; em�1g for TSm�1around x and geodesics 
k : (��; �) ! Sm�1, k = 1; : : : ; n, such that
k(0) = x and 
0k(0) = ek(x) for all k. Denoting by @=@r the derivationin the direction normal to Sm�1 and using that 
00k = �@=@r, gives usat the point x: �(i) =Xk 
00k(0) = �(m� 1) @@r :If F : Rm ! R is a function and f its restriction to Sm�1 we get4Sm�1(f) = 4Sm�1(F � i)= dF (�(i)) + trace(r̂dF (di; di))= �(m� 1)@F@r � i+4Rm(F ) � i� @2F@r2 � i:23



In particular, if F is a harmonic polynomial, homogeneous of degree pthen 4Sm�1(f) = �p(p +m� 2)f:(2.6)Hence f is an eigenfunction of 4Sm�1. It is well known that all eigen-functions of 4Sm�1 arise in this way (see [12], page 160).Suppose that � : Rm ! Rn is a harmonic map with each of itscomponent functions polynomials, homogeneous of degree p and that� restricts to a map � : Sm�1 ! Sn�1. Denote by i : Sm�1 ,! Rm andj : Sn�1 ,! Rn the inclusions so that � � i = j � �. By equation (2.6):�(� � i) = �p(p +m� 2)� � i:From Example 2.20 we see that � is harmonic and thatjd�j2 = p(p+m� 2):Example 2.24. Recall that for two K�ahler manifolds (M2m; g; JM)and (N2n; h; JN) a map � : M ! N is said to be +holomorphic (orsimply holomorphic) if �@� = 0 i.e. if d�JM = JNd� and �holomorphicif @� = 0 i.e. if d�JM = �JNd�. If � is either + or �holomorphicthen � is said to be �holomorphic.Since M and N are both K�ahler, rMJM = JMrM and similar forN . Thus if � : M ! N is �holomorphic and X; Y 2 C1(TM) (forsimplicity writing J for both JM and JN):r̂d�(X; JY ) = r�Xd�(JY )� d�(rMX JY )= �J(r�Xd�(Y )� d�(rMX Y ))= �Jr̂d�(X; Y )= r̂d�(JX; Y )using the symmetry of r̂d�. In particularr̂d�(JX; JX) = �r̂d�(X;X):Hence by choosing a local orthonormal frame fe1; : : : ; em; f1; : : : ; fmgfor TM with Jei = fi for all i, we get�(�) = mXi=1 (r̂d�(ei; ei) + r̂d�(Jei; Jei)) = 0:Thus we see that every �holomorphic map between K�ahler manifoldsis harmonic. This was �rst proved by Eells and Sampson in [24]. Theconverse is not true, take for instance � : C 2 ! C de�ned by �(z1; z2) =24



z1 �z2. Then � is not �holomorphic with respect to the standard K�ahlerstructures on C 2 and C but harmonic since�(�) = 4� @2�@z1@�z1 + @2�@z2@�z2� = 0:Example 2.25. [24] If G1 and G2 are Lie groups with bi-invariantRiemannian metrics g1 and g2, respectively, and� : (G1; g1)! (G2; g2)is a Lie group homomorphism, then � is a harmonic map, in fact; totallygeodesic. To prove this denote by g1 and g2 the Lie algebras of G1 andG2, respectively. By identifying these spaces with the tangent spacesat the neutral elements we get an induced Lie algebra homomorphismd� : g1 ! g2satisfying d�(X)(�(x)) = d�x(Xx) for any X 2 g1 and x 2 G1. Fur-thermore, it follows from the bi-invariance of the metrics that for leftinvariant vector �elds X, Y on G1, rG1X Y = 12 [X; Y ] and similarly onG2. Thus for X, Y 2 g1 we get:r̂d�(X; Y ) = r�Xd�(Y )� d�(rG1X Y )= rG2d�(X)d�(Y )� 12d�([X; Y ])= 12[d�(X); d�(Y )]� 12d�([X; Y ])= 0which proves the statement.The following very important result was proved by Sampson in [51]by applying the uniqueness theorem of Aronszajn in [2] to the localexpression of the tension �eld:Theorem 2.26 (The Unique Continuation). [51] Let � : M ! Nbe a harmonic map. If at some point of M all the partial derivatives of� to any order vanish, then � is constant. In particular, if � is constanton an open subset of M then � is constant on the whole of M .3. Harmonic FunctionsIn this section we state some well known results on harmonic func-tions needed later on. Locally there exists a great variety of harmonicfunctions on a Riemannian manifold as the following result by Ishiharashows (see [43], Lemma 4.1). It is based on an extension of a lemmaby Bers in [13] and will play a crucial role in the next chapter.25



Theorem 2.27. [43] Let x be a point in Mm, (xk) be normal coor-dinates on M centered at x and fck; cijgmi;j;k=1 constants with cij = cjiand Pi cii = 0. Then there exists a neighbourhood U of x in M and aharmonic function f : U ! R such that@f@xk (x) = ck; @2f@xi@xj (x) = cijfor all i; j; k = 1; : : : ; m.Using Bers' lemma, Greene and Wu proved the next result.Theorem 2.28. [33] For any x 2 M there is a chart (U; (xk))around x such that all the coordinate functions xk are harmonic.De�nition 2.29. A (smooth) function f : M ! R is said to besubharmonic if 4M(f) � 0:The function f is said to be superharmonic if �f is subharmonic.The following result is a direct consequence of the ellipticity ofequation (2.5) (see [31], Chapter 3).Theorem 2.30 (The Maximum Principle). If f : M ! R is asubharmonic function having a maximum in an open subset of M , thenf is constant.Corollary 2.31. IfM is compact then every subharmonic functionon M is constant.In the special case when M is orientable Corollary 2.31 is due to E.Hopf and may very well be proved without appealing to the MaximumPrinciple. For since 4M is a divergence, Stokes' theorem gives in thiscase that ZM 4M(f)� = 0for any function f : M ! R. In particular, if f is subharmonic thenthis implies that f in fact is harmonic. Furthermore an easy calculationgives that 4M(f 2=2) = jgrad(f)j2 + f4M(f) = jgrad(f)j2:Hence if f is subharmonic we get0 = ZM 4M(f 2=2)� = ZM jgrad(f)j2�so f is indeed constant. 26



Note that together with Theorem 2.18, the result of Corollary 2.31implies that there are no compact minimal (even immersed) submani-folds of Rm .Example 2.32. In harmonic function theory in Euclidean spacesthe following functions are very important:R2 n f0g 3 x 7! log jxjand Rm n f0g 3 x 7! jxj2�mwhere m � 3. It is easy to see that they are both harmonic wherede�ned. If 
 � Rm is open and connected and a 2 
 then by a theoremof Bochner (see [3]), any function u which is harmonic in 
 n fag andpositive near a is of the formx 7! v(x)� c log jx� aj; if m = 2;and x 7! v(x) + cjx� aj2�m; if m � 3;for some constant c � 0 and a harmonic function v in 
. In particular,if u is harmonic and non-negative in Rm n f0g with n � 3, it followsfrom an application of the Maximum Principle that v is in fact constant.Hence u(x) = b + cjxj2�mfor some constants b and c. Since log jxj is not bounded for large jxjthe same argument can not be applied to a function harmonic and non-negative in R2 n f0g. Indeed, any such function f must be constantby the theorem of Liouville (see [3]) since the function f(ez), z 2 C ,would be harmonic and non-negative in R2 .
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CHAPTER 3Harmonic MorphismsIn this chapter we de�ne harmonic morphisms and prove some basicfacts on these. The key to the theory is Theorem 3.8 which statesthat harmonic morphisms constitute a certain subclass of the harmonicmaps; having the additional property of being horizontally (weakly)conformal. We therefore begin with a description of this concept. Inthe last two sections we brie
y discuss the existence and non-existenceof harmonic morphisms and study their behaviour on polar sets. All theresults given in this chapter can be found in [38], a regularly updatedlist of publications on harmonic morphisms.1. Horizontal ConformalityA map between Riemannian manifolds of equal dimension is con-formal if its di�erential at any point is a conformal linear map withrespect to the Riemannian metrics. Horizontal conformality is a gen-eralization of this concept to the case when the target manifold is oflower dimension than the domain.De�nition 3.1. Suppose that � :M ! N is a map. At each pointx 2M , the vertical space Vx of � is the kernel ker d�x of the di�erentiald�x of � at x. The horizontal space Hx is the orthogonal complementof Vx in TxM with respect to the Riemannian metric g on M .If the map � is a submersion i.e. d� is surjective at each point ofM , then we may associate to � two distributions on M ; the verticaland the horizontal distribution, asigning to each point x 2M the sub-spaces Vx and Hx of TxM , respectively. A vector �eld X on M is thensaid to be vertical (horizontal) if it belongs to the vertical (horizontal)distribution.By the Inverse Function Theorem, the �bre ��1(�(x)) is a (possiblydisconnected) submanifold of M for every x 2 M , the tangent planeof which is the vertical space. Thus the vertical distribution V is inte-grable and the map � determines a foliation of M which leaves are the�bres of �. From the integrability of V one may easily deduce that thehorizontal distribution H is in fact smooth on M .Two vector �elds X 2 C1(TM) and Y 2 C1(TN) are said to29



be �-related if d�x(Xx) = Y�(x) for every x 2 M . A vector �eldX 2 C1(TM) is called basic if it is �-related to some vector �eldY 2 C1(TN). If in addition X is horizontal, then X is called a hori-zontal lift of Y . It follows easily that for a given Y 2 C1(TN) thereexists a unique horizontal lift of Y which in fact is smooth.De�nition 3.2. Let � : Mm ! Nn be a map. The critical setof � is the set C� = fx 2 M j d�x = 0g. The map � : M ! N issaid to be horizontally (weakly) conformal if for each x 2 M n C�, therestriction of d�x to the horizontal spaceHx is surjective and conformal.Example 3.3. Let � : R8 ! R4 be the multiplication of quater-nions given by�(x1; x2; : : : ; x8) = (x1x5 � x2x6 � x3x7 � x4x8;x1x6 + x2x5 + x3x8 � x4x7;x1x7 � x2x8 + x3x5 + x4x6;x1x8 + x2x7 � x3x6 + x4x5):If we identify R4 with the space H of quaternions, then � : H �H ! His given by �(q1; q2) = q1q2 for q1; q2 2 H . In the canonical bases wehave d�(q1;q2) = 0BB@x5 �x6 �x7 �x8 x1 �x2 �x3 �x4x6 x5 x8 �x7 x2 x1 �x4 x3x7 �x8 x5 x6 x3 x4 x1 �x2x8 x7 �x6 x5 x4 �x3 x2 x1 1CCA :Clearly the horizontal space is generated by the rows of this matrix.Note that these are orthogonal and of equal length jq1j2 + jq2j2 so if(q1; q2) 6= (0; 0) and we express a horizontal vector v in the base givenby these rows as v = (�1; �2; �3; �4), thend�(q1;q2)(v) = (�1; �2; �3; �4)(jq1j2 + jq2j2):Thus for horizontal vectors v; w we see thathd�(q1;q2)(v); d�(q1;q2)(w)i = (jq1j2 + jq2j2)hv; wi:Hence � is horizontally (weakly) conformal with the critical set con-sisting of the origin.The adjective \weak" indicates that the critical set of �may be non-empty. From now on we shall refer to a horizontally weakly conformalmap as a horizontally conformal map, it being understood that it neednot be a submersion. 30



The horizontal conformality of � implies that there exists a function� :M n C� ! R+ such that for all x 2M n C� and X; Y 2 Hx:�2(x)g(X; Y ) = h(d�x(X); d�x(Y )):For x 2 M n C� and an orthonormal basis (ei) of TxM we haven�2(x) = nXi=1 h(d�x(ei); d�x(ei)) = jd�xj2;(3.1)where n is the dimension of N . Hence � extends in a unique way toa continuous function on the whole of M also denoted by �, satisfyingequation (3.1). This extended function vanishes on C� and is calledthe dilation of �. By equation (3.1) �2 is smooth on the whole of M .Example 3.4. If n 2 N then the Lie group S1 � C acts freely onthe unit sphere S2n+1 � C n+1 by left multiplication and the resultingquotient space S2n+1=S1 may be identi�ed with the complex projectivespace C P n , the set of complex lines in C n+1 . More precisely: S2n+1 is aprincipal �bre bundle over C P n with structure group S1. If � : S2n+1 !C P n is the canonical projection then � is a submersion, so C P n maybe given a Riemannian metric induced by �. With this metric � isa Riemannian submersion, i.e. horizontally conformal with constantdilation � = 1. The �bres are of course the orbits under the action ofS1: ��1(�(x)) = fei�x j � 2 Rgfor x 2 S2n+1. The tangent space of the �bre at x is the vertical spaceof � and so is the real line through x spanned by ix and the horizontalspace is the orthogonal complement of this in TxS2n+1.Proposition 3.5. [21]. Let � : V ! W be a non-zero linear mapbetween �nite-dimensional Euclidean vector spaces and �� : W ! Vbe its adjoint characterized by h��(w); vi = hw; �(v)i. Then � is hori-zontally conformal if and only if �� is conformal. If in addition, dimV=dim W , then � is a conformal isomorphism.Proof. [21] Suppose � is horizontally conformal with dilation �.Choose orthonormal bases fv1; : : : ; vmg and fw1; : : : ; wng of V and W ,respectively, such that �(vi) = �wi for i = 1; : : : ; n and �(vi) = 0 if i >n. Obviously, h��(wi); vji = hwi; �(vj)i = ��ij for i; j = 1; : : : ; n. Hence��(wi) = �vi for i = 1; : : : ; n so it is clear that �� is conformal. Theconverse follows with the same choice of bases and the last statementis obvious. 31



Example 3.6. If � : (Mm; g)! (Nn; h) is a map, x 2 M , chooselocal coordinates (xi) and (y�) on M and N around x and �(x) = y,respectively. It is then easy to see that(d�x)� =X�;� h��(y)dy�(y)
 (grad(��))(x):De�ne a local frame on N bye� = nX�=1 h�� @@y� ; � = 1; : : : ; n:Then h(e�; e�) = h�� and (d�)�(e�) = grad(��). By Proposition 3.5, �is horizontally conformal at x with dilation �(x) if and only if�(x)2h�� =Xi;j gij @��@xi @��@xj ;(3.2)for �; � = 1; : : : ; n. It follows that � is horizontally conformal withdilation � if and only if this holds for any x 2M and local coordinatesaround x and �(x), respectively. In particular, if (y�) are normal at�(x), then � is horizontally conformal at x with dilation �(x) if andonly if grad(��), � = 1; : : : ; n, are mutually orthogonal and of equallength �(x). When N2 is a Riemann surface with a Hermitian metric,then by writing � = �1+ i�2 in a local holomorphic coordinate, we seethat the horizontal conformality is given byg(grad(�); grad(�)) = 0:In local coordinates (xi) on M this can be expressed byXi;j gij @�@xi @�@xj = 0:(3.3)In the interesting case when M is also a Riemann surface with a Her-mitian metric and z = x+iy a complex coordinate onM , then equation(3.3) reduces to (@�@x )2 + (@�@y )2 = 4@�@z @�@�z = 0:(3.4)In particular, if � is �holomorphic then � is automatically horizontallyconformal. 32



2. Harmonic MorphismsWe can now de�ne harmonic morphisms and prove some of theirelementary properties.De�nition 3.7. A map � : M ! N is said to be a harmonicmorphism if for every open subset U of N with ��1(U) 6= ; and everyharmonic function f : U ! R, the composition f � � : ��1(U) ! R isharmonic.The above de�nition means that harmonic morphisms pull backgerms of harmonic functions to germs of harmonic functions. It istherefore immediate that the composition of harmonic morphisms isa harmonic morphism. A useful characterization for harmonic mor-phisms is provided by the next theorem, which gives the link betweenhorizontal conformality and harmonic morphisms.Theorem 3.8 (The Fuglede-Ishihara Characterization). [28][43]A map � :M ! N is a harmonic morphism if and only if it is harmonicand horizontally conformal.Proof. [21] Suppose � : Mm ! Nn is a harmonic morphism. Ifx0 2M , consider systems of local coordinates (xi) and (y�) around x0and y0 = �(x0), respectively, where we assume that (y�) are normal,centered at y0. According to Theorem 2.27 we may for every 
 =1; : : : ; n choose a function f de�ned and harmonic in a neighborhoodof y0 with @f@y� (y0) = ��
 and @2f@y�@y� (y0) = 0for all �; � = 1; : : : ; n. By assumption, the function f � � is harmonicin a neighbourhood of x0, so by Proposition 2.90 = 4M(f � �) = df(�(�)) + r̂df(d�; d�):In particular, since at x0:r̂df =X�;� @2f@y�@y� dy� 
 dy� = 0 and df(�(�)) = �(�)
the above relation implies that �(�)
(x0) = 0. Since this holds for any
 = 1; : : : ; n and x0 2M we conclude that the map � is harmonic.To prove the horizontal conformality of �, we once more applyTheorem 2.27, by noting that we may for every sequence (c��)n��=1with c�� = c�� and P� c�� = 0, choose a harmonic function f such33



that @f@y� (y0) = 0 and @2f@y�@y� (y0) = c��for all �; � = 1; : : : ; n. Hence we obtain at x0:0 = 4M(f � �)= trace(r̂df(d�; d�))= X�;�;i;j c��gij @��@xi @��@xj=X�;i;j c��gij @��@xi @��@xj + X�6=�;i;j c��gij @��@xi @��@xj ;(3.5)
where we as usual write �� for y� � �. We subtract0 =X�;i;j c��gij @�1@xi @�1@xjfrom equation (3.5) and obtain:0 =X�;i;j c��gij(@��@xi @��@xj � @�1@xi @�1@xj ) + 2 X�<�;i;j c��gij @��@xi @��@xj :It now follows thatXi;j gij @��@xi @��@xj = 0 for all � 6= � andXi;j gij @��@xi @��@xj =Xi;j gij @�1@xi @�1@xj for all �:This can be summarized asXi;j gij @��@xi @��@xj = �2(x0)��� for all �; � = 1; : : : ; n:The last system of equations is equivalent to the statement that thecomponents �� all have orthogonal gradients of equal length, so byExample 3.6, the map � is horizontally conformal.Conversely, if � is harmonic and horizontally conformal with dila-tion �, U an open subset of N with ��1(U) 6= ; and f : U ! R aharmonic function, then we have 4M(f � �) = trace(r̂df(d�; d�)) on��1(U). If x0 2 ��1(U), consider once again systems (xi) of local and(y�) of normal coordinates around x0 and �(x0), respectively.34



Then at x0:trace(r̂df(d�; d�)) = X�;�;i;j gij @2f@y�@y� @��@xi @��@xj=X�;� g(grad(��); grad(��)) @2f@y�@y�=X�;� �2(x0)��� @2f@y�@y�= �2(x0)4M(f)= 0:Thus � is a harmonic morphism.Corollary 3.9. [28] If � :Mm ! Nn is a non-constant harmonicmorphism then � is a submersion on an open dense subset of M , som � n.Proof. [21] We see that for x 2M , if rank d�x < n, then d�x = 0.Hence the set of x 2 M with rank d�x = n is open and non-empty. Itis also dense, for if on an open subset we had d� = 0, then by Theorem2.26 we have d� = 0 in the whole of M so � would be constant onM .Corollary 3.10. [21] A harmonic morphism preserves harmonicmaps, i.e. if � : M ! N is a harmonic morphism,  : N ! P aharmonic map, then  � � :M ! P is harmonic.Proof. Let n = dim N � dim M . At a point x 2 M , chooseorthonormal bases (ei) for TxM and (fj) for T�(x)N , such that d�x(ei) =�(x)fi, 1 � i � n and d�x(ei) = 0 for i > n. This is possible since � ishorizontally conformal. Thus at x we get for any map  : N ! P :�( � �) = tracer̂d (d�; d�)= nXi=1 r̂d (d�(ei); d�(ei))= �2(x)�( )(3.6)which immediately proves the statement.A submersion is always an open map as follows from the ImplicitFunction Theorem. In view of Corollary 3.9 the following result istherefore not surprising. For two di�erent proofs see [28] and [21].35



Theorem 3.11. [28] Every non-constant harmonic morphism isan open mapping.Corollary 3.12. [28] If � : M ! N is a non-constant harmonicmorphism and M is compact then so is N and �(M) = N .Proof. By Theorem 3.11 the image �(M) is both open and closedin N . The result now follows from the connectivity of N .Example 3.13. The result of Theorem 3.8 gives us simple meansto determine whether a given map is a harmonic morphism or not.From Example 3.6 we see that � : U � Rm ! C , U open, is a harmonicmorphism if and only if it satis�es the following system of di�erentialequations: 4Rm(�) = 0; Xi ( @�@xi )2 = 0:For a map � : M ! C a necessary and su�cient condition for � to bea harmonic morphism is that this holds for every local coordinate (xi)on M , with 4Rm replaced with 4M and the second equation replacedwith (3.3).From Example 2.24 we know that any �holomorphic map froma K�ahler manifold to a Riemann surface with a Hermitian metric isharmonic. Since the di�erential of such a map will either commute oranti-commute with the almost complex structure, it is not hard to seethat it will be horizontally conformal (see [21], Corollary 8.17). Henceany �holomorphic map from a K�ahler manifold to a Riemann surfacewith a Hermitian metric is a harmonic morphism. Example 2.24 showsthat the converse is not true in general.Example 3.14. A Riemann surface N2 can be de�ned as an ori-entable surface with a conformal class of Riemannian metrics. A metricbelonging to that class is then said to be compatible with N2.If � : (M; g) ! (N2; h) is a harmonic morphism to a surface, itfollows from Theorem 3.8 that if ĥ is a Riemannian metric on N2 whichis conformally equivalent to h, then � : (M; g)! (N2; ĥ) is a harmonicmorphism. In particular, the concept of a harmonic morphism from(M; g) to a Riemann surface is well de�ned.Example 3.15. Let M1, M2 and N be Riemannian manifolds andassume that � :M1 �M2 ! Nis a map, where M1 �M2 is given the product structure and productmetric. De�ne for x 2 M1 and y 2 M2 the map �x : M2 ! N by36



�x(y) = �(x; y) and similarly �y :M1 ! N . From the de�nition of theproduct metric it follows that the inclusions i1 of M1 � fyg and i2 offxg�M2 into M1�M2, respectively, are totally geodesic embeddings.Using Proposition 2.9 gives�(�)(x; y) = tracer̂d�(x; y)= tracer̂d�(di1; di1)(x) + tracer̂d�(di2; di2)(y)= �(�y)(x) + �(�x)(y):It follows that if �x and �y are harmonic for every x 2M1 and y 2M2then � is harmonic. Furthermore, for a function f :M1 �M2 ! R:grad(f)(x; y) = grad(fy)(x) + grad(fx)(y)and the two terms on the right are orthogonal. Thus we see that if forevery x 2 M1 and y 2 M2 the maps �x and �y are both horizontallyconformal with dilations �x and �y, respectively, then � is horizontallyconformal with dilation satisfying�2(x; y) = �2x(y) + �2y(x):In particular, if � is a harmonic morphism in each variable separatelythen � is a harmonic morphism.De�nition 3.16. A map � : M ! N is said to be horizontallyhomothetic if � is horizontally conformal and the gradient grad(�2) ofthe square of the dilation � is vertical everywhere.The horizontal homothety implies that the dilation is constant alonghorizontal curves. The concept of horizonal homothety is actually morenatural than it may seem at �rst and it is in many ways a more suitablegeneralization of a Riemannian submersion than that of a horizontallyconformal map. For a further investigation on the geometry of hori-zontally homothetic maps see Chapter 2 of [35]. By a result of Fugledewe have the following:Theorem 3.17. [29] A non-constant horizontally homothetic har-monic morphism is a submersion.The following result gives the theory nice geometric features and isdual to that of Theorem 2.19. It was �rst proved by Baird and Eellsbut the proof presented here was given by Gudmundsson in the contextof semi-Riemannian manifolds.Theorem 3.18. [6] Let � :Mm ! Nn be a horizontally conformalsubmersion. Thena) if n = 2, its �bres are minimal if and only if it is harmonic.b) if n 6= 2, two of the following conditions imply the other:37



1) � is harmonic,2) � has minimal �bres,3) � is horizontally homothetic.Proof. [36] Let fZ1; : : : ; Zng be a local orthonormal frame forTN and for i = 1; : : : ; n let Xi be the horizontal lift of Zi. If � is thedilation of �, then f�X1; : : : ; �Xng is a local orthonormal frame for thehorizontal distribution H. If X; Y are basic vector �elds on M whichare �-related to X̂ and Ŷ , respectively, and if H denotes the projectionon the horizontal space, then we get:H(rMX Y ) =Xk g(rMX Y; �Xk)�Xk= �2Xk g(rMX Y;Xk)Xk= �22 Xk �Xg(Y;Xk) + Y g(Xk; X)�Xkg(X; Y )+ g([X; Y ]; Xk) + g([Xk; X]; Y )� g([Y;Xk]; X)�Xk= �22 Xk �h(Ŷ ; Zk)X(��2) + ��2X̂h(Ŷ ; Zk) + h(Zk; X̂)Y (��2)+ ��2Ŷ h(Zk; X̂)� h(X̂; Ŷ )Xk(��2)� ��2Zkh(X̂; Ŷ )+ ��2�h([X̂; Ŷ ]; Zk) + h([Zk; X̂]; Ŷ )� h([Ŷ ; Zk]; X̂)��XkHenced�(rMX Y ) = rN̂X Ŷ+ �22 �X(��2)Ŷ + Y (��2X̂)� h(X̂; Ŷ )Xk Xk(��2)Zk�:In particular, for X = Y = Xk we obtaind�(rMXkXk) = �2Xk(��2)Zk � 12d�(gradH(��2)) +rNZkZk= d�(�Xk(��2)�Xk)� 12d�(gradH(��2)) +rNZkZk:38



This gives us�H(�) = nXk=1 r̂d�(�Xk; �Xk)= �2 nXk=1 r̂d�(Xk; Xk)= �2 nXk=1(rNZkZk � d�(rMXkXk))= �2 nXk=1 �12d�(gradH(��2))� d�(�Xk(��2)�Xk)�= ��22 (2� n)d�(gradH(�2)):If fVn+1; : : : ; Vmg is a local orthonormal frame for the vertical distri-bution, we �nally come to the conclusion�(�) = �H(�) + mXk=n+1 r̂d�(Vk; Vk)= �H(�)� mXk=n+1 d�(rMVkVk)= �H(�)� d�( mXk=n+1rMVkVk)= ��22 (2� n)d�(gradH(�2))� (m� n)d�(H);where H is the mean curvature vector �eld of the �bres. The theoremnow immediately follows from the last equation.As a direct consequence of Theorem 3.18 we obtain the followingclassical result of Eells and Sampson.Corollary 3.19. [24] A Riemannian submersion has minimal �-bres if and only if it is harmonic.Example 3.20. A simple example of a harmonic morphism is theorthogonal projection followed by a multiplication of a scalar:Rm 3 (x1; : : : ; xm) 7! a(x1; : : : ; xn) 2 Rnfor some a 2 R n f0g. It has trivially constant dilation jaj, totallygeodesic �bres and integrable horizontal distribution.39



Example 3.21. Both the maps � and 
 from Examples 2.21 and2.22 are harmonic morphisms since they are horizontally conformalwith dilations x 7! jxj�1 and x 7! (1 � jxj2)=2jxj. Both have totallygeodesic �bres and integrable horizontal distributions.Example 3.22. Let G be a Lie group with a bi-invariant metricand K be a Lie subgroup of G. Denote by � : G! G=K the canonicalprojection onto the homogeneous space G=K. We may in a canonicalway turn G=K into a Riemannian manifold with a G-invariant metricsuch that � is a Riemannian submersion. For left-invariant vector �eldsX, Y on G it is well known thatrGXY = 12[X; Y ]:In particular, if X and Y are left-invariant vector �elds on K then thehorizontal component of rGXY is zero. Thus K is a totally geodesicsubmanifold of G and it follows that � has totally geodesic �bres. ByTheorem 3.18 the canonical projection � : G ! G=K is a harmonicmorphism.Example 3.23. If � : Mm ! Nm is a conformal submersion be-tween Riemannian manifolds of equal dimensions m then we get fromthe proof of Theorem 3.18�H(�) = �(�) = ��22 (2�m)d�(grad(�2)):(3.7)It follows that a map � : M2 ! N2 is a harmonic morphism if andonly if � is conformal. IfM and N are Riemann surfaces we know fromExample 3.13 that every �holomorphic map is a harmonic morphism.Conversely, if � is a harmonic morphism between Riemann surfaces,we see from equation (3.4) that for every x 2 M either @�=@z(x) = 0or @�=@�z(x) = 0. Now � and hence also @�=@z and @�=@�z are real an-alytic by the ellipticity of equation (2.5), so � will be �holomorphic onM . Thus a map between (connected) Riemann surfaces is a harmonicmorphism if and only if it is �holomorphic.We also deduce the following.Theorem 3.24. If � : M ! N is a map between Riemannianmanifolds of equal dimensions m � 3, then � is a harmonic morphismif and only if � is a homothety, i.e. conformal with constant dilation.Proof. If � is a harmonic morphism with dilation � which is notconstantly zero on M , set M 0 =M nC� which is an open dense subsetof M . The restriction of � to M 0 is a harmonic morphism and fromequation (3.7) it follows that grad(�2) = 0 onM 0 and then by continuity40



on the whole of M . Hence � is constant. Conversely, if � is conformalwith constant dilation then � is harmonic by equation (3.7).Example 3.25. Represent Sm n S0 in Rm+1 asSm n S0 = f(cos t; sin t � e) j t 2 (0; �); e 2 Sm�1g:De�ne � : Sm n S0 ! Sm�1 as the projection onto the equatorialhypersphere along the longitudes:�(cos t; sin t � e) = e:The horizontal curves for � are those for which t is constant so � ishorizontally conformal with dilation(cos t; sin t � e) 7! 1= sin t:Hence � is horizontally homothetic and since it has minimal �bres itfollows from Theorem 3.18 that � is a harmonic morphism. It has inte-grable horizontal distribution with small spheres (sin t)Sm�1 as integralsubmanifolds. It is clear that � cannot be extended continuously to thewhole of Sm.Example 3.26. Let D be any of the normed division algebras R,C , H or Cay of real dimension d = 1; 2; 4 or 8, respectively. The Hopfpolynomials are then de�ned as the maps R2d ! Rd+1 given by(z1; z2) 7! (jz1j2 � jz2j2; 2z1 �z2)for (z1; z2) 2 D 2 . These are all harmonic morphisms, de�ned by ho-mogeneous polynomials of degree 2, with dilation x 7! 2jxjd�1. Their�bres are spheres of dimension d� 1 so they cannot be minimal in R2dfor d > 1. This shows that there is no equivalence in the last part ofTheorem 3.18.We see that the Hopf polynomials all restrict to mapsS2d�1 ! Sdcalled the Hopf �brations. They are horizontally conformal with con-stant dilation (see the proof of Theorem 5.5) and they are harmonic byExample 2.23 or by Theorem 3.18 since their �bres are totally geodesicin S2d�1. Hence they are submersive harmonic morphisms, surjectiveby Corollary 3.12.There are several ways of describing the Hopf �brations (see [32])and they have been of great importance for the development of homo-topy theory and �bre spaces. As we shall see in the next chapter theHopf �brations and the Hopf polynomials are also of great interest inthe study of harmonic morphisms.If we have a look at the case of d = 2, denoting by � : S3 ! S241



the corresponding Hopf �bration, we make the standard identi�cationof S2 with C P 1 . Considered as a map S3 ! C P 1 = S3=S1, � is easilyseen to be the quotient map taking (z1; z2) to the complex line in C 2through this point. This is the way the Hopf �brations generally arepresented.If we identify S3 with SU(2) via the mapS3 3 (z1; z2) 7! � z1 �z2�z2 �z1� 2 SU(2);we note that the horizontal space of � at the identity of SU(2) isspanned by X = �0 ii 0� and Y = �0 �11 0 �and the vertical space by V = �i 00 �i� :Since [X; Y ] = XY � Y X = 2Vthe horizontal distribution of � is not integrable. This is actually truefor all but the �rst of the Hopf �brations as will be motivated in thefollowing section. 3. The Existence ProblemThere is no general existence theory for harmonic morphisms; in-deed, by Theorem 3.8, harmonic morphisms are solutions to an over-determined non-linear system of partial di�erential equations, thusmaking the question of existence rather di�cult. In most cases, theonly known way of proving existence of non-constant harmonic mor-phisms between given Riemannian manifolds is by a direct constructionof examples. Another way is to give harmonic morphisms as implic-itly de�ned solutions to certain non-singular equations, a method thatgoes back to Jacobi (see Chapter 1). This was used by Gudmunds-son in [36] to construct complex valued harmonic morphisms de�nedlocally in several irreducible Riemannian symmetric spaces. In somenon-compact cases even globally de�ned solutions were found. Similarmethods have been used by Baird and Wood in [9] and [10] to constructboth globally and locally de�ned complex valued harmonic morphismsfrom Euclidean spaces. We shall see in the next chapter that interest-ing existence theorems for polynomial harmonic morphisms have beenachieved. In contrast, to �nd globally de�ned harmonic morphisms42



between compact Riemannian manifolds has o�ered great di�culties.Only a few examples are known, among them the Hopf �brations ofExample 3.26 (see The Atlas of Harmonic Morphisms [39]). When theco-domain is a compact Riemann surface though, we have the followinginteresting existence result by Gudmundsson.Theorem 3.27. [37] Let N2 be a compact Riemann surface and !a homotopy class of Sn-bundles over N2. Then there exists a bundle� : M ! N2 in ! and a Riemannian metric g on M such that thebundle map � : (M; g)! N2 is a harmonic morphism.More is known about the non-existence of harmonic morphisms.For instance, the existence of a non-constant harmonic morphism � :Mm ! Nn immediately gives necessary conditions on the dimensionsm and n, namely that m � n. In the next chapter we shall derive somefurther necessary conditions on the dimensions for the existence of so-lutions to the problem. It is also clear that Corollary 3.12 constitutesa simple but important non-existence result.Wood observed in [59] that if � : M ! N is a horizontally con-formal submersion with integrable horizontal distribution H, then theassociated foliation FH is totally umbilic in M . This means that fora horizontal unit vector �eld X, the vertical �eld V(rMXX) does notdepend on the choice of X. For horizontal vector �elds X and Y wehave in this case (Theorem 2.1.3 of [35])V(rMX Y ) = ��22 g(X; Y )V(grad(��2)):If in addition m > n � 3 and � is a harmonic morphism with totallygeodesic �bres, then FH is spherical i.e. for every leaf L 2 FH themean curvature vector HL of L in M is parallel in the normal bundleof the leaf. Gudmundsson generalized O'Neill's fundamental equationsfor a submersion (see [47]) to the horizontally conformal case. Usingthis and a characterization of the totally umbilic spherical foliations onmanifolds with constant sectional curvature, he proved in [35] (Corol-lary 3.3.4) the following non-existence result.Theorem 3.28. [35] If m � n � 3 and (Mm; Nn) = (Sm; Sn),(Rm ; Sn) or (Hm; Sn), then there are no non-constant harmonic mor-phisms from M to N with totally geodesic �bres and integrable hori-zontal distribution.The last result implies that none but the �rst of the classical Hopf�brations of Example 3.26 have integrable horizontal distribution.A natural way to impose necessary curvature conditions on themanifolds for the existence of non-constant harmonic morphisms is by a43



Bochner technique. This method can brie
y be described as developingan equation relating the Laplacian of bundle valued sections to thecurvature of the bundle in question, known as a Weitzenb�ock formula(see [21]). From this formula, vanishing results involving the curvaturecan be derived. This was done for harmonic maps by Eells and Sampsonin [24] and for harmonic morphisms by Mustafa in [45]. Using thisMustafa then proved the following important theorem.Theorem 3.29. [45] Let Mm be a compact Riemannian manifoldwith non-negative Ricci curvature and let N2 be a compact Riemannsurface of genus 
 � 2. Then any harmonic morphism from Mm toN2 is constant.By choosing suitable Riemannian metrics on the space M and ar-guing as in Example 3.14, Mustafa obtained the following:1. There are no non-constant harmonic morphisms from a compactirreducible Riemannian symmetric space to a compact Riemannsurface of genus 
 � 1.2. There are no non-constant harmonic morphisms from a compactconnected Lie group with a bi-invariant metric to a compact Rie-mann surface of genus 
 � 1.In [46] Mustafa developed the Bochner technique further to non-compact domains in the language of moving frames and derived thefollowing astonishing result:Theorem 3.30. [46] There is no non-constant globally de�ned har-monic morphism from Rm into a Riemannian manifold with scalar cur-vature bounded above by a negative number.As a direct consequence there are no non-constant harmonic mor-phisms from Rm into the hyperbolic space Hn.4. Polar SetsIn this section we shall return to potential theory for some elemen-tary de�nitions needed in the next chapter. Note that the functionsand maps are here unless otherwise stated, not assumed to be smooth.Recall that if X is a harmonic space (see Chapter 1) and H its sheafof harmonic functions, then for every regular set V in X and continu-ous function f : @V ! R, there is a unique harmonic function HVf onV , which can be extended to �V so that the extension equals f on theboundary @V . Furthermore if f � 0 then HVf � 0. From this it easilyfollows that for every x 2 V , the mapf 7! HVf (x)44



is a positive linear functional on the set of continuous functions on @V .By the Riesz Representation Theorem there exists a unique Radonmeasure �Vx on @V so thatHVf (x) = Z f(y)d�Vx (y)for every continuous function f on @V . The measure �Vx is called theharmonic measure for V at the point x.Example 3.31. Let � denote the normalized volume measure onthe unit sphere Sm�1. If B is the unit ball in Rm and f a continuousfunction on the boundary @B = Sm�1, then it is well known that thePoisson integral (see [3])B 3 x 7! Z 1� jxj2jx� yjmf(y)d�(y)is harmonic and may be extended continuously to �B so that the ex-tension equals f on Sm�1. Thus the harmonic measure for B at xis d�Bx (y) = 1� jxj2jx� yjmd�(y):We now extend De�nition 2.29 to a much more general situation.De�nition 3.32. Given an open set U in a harmonic space X , afunction f : U ! ]�1;1] is said to be superharmonic if:i) f is lower semi-continuous,ii) f is not identically1 on any component of U andiii) for every regular set V � �V � U and every x 2 V , we havef(x) � Z f(y)d�Vx (y):It was shown by Herv�e (see Chapter 7 of [40]) that this de�nitionis consistent with the one given in Chapter 2. The following concept isclassical in potential theory.De�nition 3.33. Let X be a harmonic space. A subset E � X issaid to be polar if for every point x 2 X there exists a neighbourhoodU and a superharmonic function f in U such that f =1 on U \ E.Although polar sets are generally small enough to be ignored, wewill need some basic facts on these in the next chapter.Example 3.34. If n � 3, then any point of Rn is polar. Moregenerally if n � 3, every a�ne subspace A � Rn of codimension at least2 is polar. Furthemore, the points of any relatively compact subset U45



of R2 are polar in U . These results can be found in any elementarybook on potential theory (see e.g. [14]).Example 3.35. For a non-constant harmonic morphism � betweenRiemannian manifolds, we know that its critical set C� is closed andnowhere dense. It was proved by Fuglede in [28] that it is actuallypolar.If � : M ! N is a harmonic morphism between Riemannian man-ifolds and f is a smooth superharmonic function on N , then we haveby equation (3.6): 4M(f � �) = �24N(f) � 0:Hence f�� is superharmonic. Furthermore, Constantinescu and Corneaproved that a general harmonic morphism between harmonic spacespulls back superharmonic functions to superharmonic functions (see[18], Corollary 3.2). This implies the following result needed for one ofour main results of the next chapter:Proposition 3.36. [18] The pull-back of a polar set by a non-constant harmonic morphism is again a polar set.
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CHAPTER 4Polynomial Harmonic MorphismsIn this chapter we study polynomial harmonic morphisms betweenEuclidean spaces. By a polynomial map Rm ! Rn we mean a mapwith polynomial components. Its degree is the maximal degree of thesecomponents. In Section 1 we study general globally de�ned harmonicmorphisms between Euclidean spaces. Why this is done in the con-text of polynomial harmonic morphisms is motivated by Theorem 4.3,which states that if n � 3, every globally de�ned harmonic morphismRm ! Rn is polynomial. Section 2 is devoted to a classi�cation ofthe homogeneous polynomial harmonic morphisms of degree 2 due toOu and �nally in Section 3 we discuss some homogeneous polynomialharmonic morphisms of higher degree.1. Globally De�ned Harmonic MorphismsGlobally de�ned harmonic morphisms between Euclidean spaceshave some very characteristic features, at least if the dimensions arelarge enough. We shall here discuss some striking results on such mapsall of which were presented by Ababou, Baird and Brossard in the veryrecent manuscript [1].Theorem 4.1. [1] If n � 3 and � : Rm ! Rn is a non-constantharmonic morphism, then � is surjective.Proof. [1] For any a 2 Rn the function x 7! jx�aj2�n, x 2 Rnnfagis harmonic. If there was some a 2 Rn not in the image of � thenx 7! j�(x)� aj2�nwould be a positive harmonic function on the whole of Rm and there-fore constant by the theorem of Liouville (see [3]). Hence � would beconstant which leads to a contradiction.Example 4.2. The mapC 3 z 7! ez 2 Cis obviously not surjective but a harmonic morphism since it is holo-morphic. This simple example shows that the statement of Theorem4.1 is not true for n = 2. 47



Next we show a Liouville type of theorem for harmonic morphisms.Theorem 4.3. [1] Every globally de�ned harmonic morphism � :Rm ! Rn with n � 3 is a polynomial map of degree � m�2n�2 .To prove Theorem 4.3 we need the following potential theoreticlemma. For a proof of this using probabilistic arguments, see Lemma1.2 of [1].Lemma 4.4. [1] Suppose that m � 3 and P is a closed polar setin Rm . If f : Rm n P ! R is a positive harmonic function, then thereis a constant c > 0 such thatf(x) � c(1 + jxjm�2)�1for all x 2 Rm n P .Proof of theorem 4.3. [1] If m < n then by Corollary 3.9 themap � is constant and we are done. Assumem � n. If h : Rn nf0g ! Ris the harmonic function h(x) = jxj2�n, then the compositionh � � : Rm n ��1(0)! Ris a positive harmonic function and by Propositon 3.36 de�ned o� aclosed polar set. By Lemma 4.4 there is a constant c > 0 such thatj�(x)jn�2 � c�1(1 + jxjm�2)which obviously will hold for all x 2 Rm . If we write � = (�1; : : : ; �n)then this implies that for any 1 � i � n we will havej�i(x)j � a(1 + jxjm�2) 1n�2 � a(1 + jxjm�2n�2 )for all x 2 Rm and some positive constant a. Each �i is harmonic so bythe Cauchy estimates (see [3]) and the above inequality it follows thatthe power series expansion of �i around 0 is a polynomial of degree� m�2n�2 .The following example shows that the condition n � 3 on the di-mension of the target manifold in Theorem 4.3 can not be removed;Let  : C m ! C be any holomorphic function and de�neF (z) = cos( (z))for z 2 C m . Since F is holomorphic it is a harmonic morphism and notpolynomial except in trivial cases.For obvious reasons the next result is together with Theorem 4.3very important in the study of globally de�ned harmonic morphismsbetween Euclidean spaces. 48



Theorem 4.5. [1] Every horizontally conformal polynomial F :Rm ! Rn with n � 2 is harmonic.Here we give our corrected version of the proof contained in theoriginal manuscript of [1].Proof. It is enough to prove the statement for n = 2. For ifthe result holds in this case and F = (F1; : : : ; Fn) : Rm ! Rn isa horizontally conformal polynomial where n � 2, then (Fi; Fj) is ahorizontally conformal polynomial Rm ! R2 for any indices i 6= j.Hence Fi is harmonic for every i so F is harmonic.Assume that F is a complex valued horizontally conformal polyno-mial on Rm . If F is constant we are done. Otherwise, denote the partof F that is homogeneous of degree i by Qi, henceF = dXi=0 Qi;where d is the degree of F . By choosing suitable coordinates (x) in Rmwe may assume that 0 is not a singular point of F and thatQ1(x1; : : : ; xm) = x1 + ix2:We write z = x1 + ix2. From the horizontal conformality of F we get0 = mXi=1 (@F@xi )2= 4@F@z @F@�z +Xi�3 (@F@xi )2= 4Xr;s @Qr@z @Qs@�z +Xi�3 Xr;s @Qr@xi @Qs@xi= 2Xr;s (@Qr@z @Qs@�z + @Qr@�z @Qs@z ) +Xr;s hrxQr;rxQsi;where we have writtenrxQr = (@Qr@x3 ; : : : ; @Qr@xm ):Changing the order of summation implies thatXp�2 �2 pXr=1(@Qr@z @Qp+1�r@�z + @Qr@�z @Qp+1�r@z ) + p�1Xr=2hrxQr;rxQp+1�ri� = 049



and from the homogeneity we conclude that for p � 2 we have2 pXr=1(@Qr@z @Qp+1�r@�z + @Qr@�z @Qp+1�r@z ) + p�1Xr=2hrxQr;rxQp+1�ri = 0:(4.1)Claim 1: For p � 2, Qp is of degree � p� 2 in �z.Proof of Claim 1: For p = 2, equation 4.1 reduces to4@Q2@�z = 0(4.2)so this is certainly true for p = 2. If it is assumed to hold for Q2; : : : ;Qp�1, it then follows from equation (4.1) that it also holds for Qp.Hence our claim follows by induction.Now let L̂r(z; x) denote the coe�cient of �zr�2 inQr for r � 2, where x =(x3; : : : ; xm). From equation (4.2) we see that Q2 = L̂2. Furthermore,the coe�cient of �zp�3 in equation (4.1) must be4(p� 2)L̂p + p�1Xr=2hrxL̂r;rxL̂p+1�ri = 0:In particular, if Lr(x) = L̂r(0; x) we see that4(p� 2)Lp + p�1Xr=2hrxLr;rxLp+1�ri = 0:(4.3)We write L2(x) = xtAx, for some symmetric matrix A.Claim 2: For p � 2 we haveLp(x) = (�1)pxtAp�1x:Proof of Claim 2: This holds by de�nition for p = 2. If it is assumedto hold for L2; : : : ; Lp�1, then we have(rxLr)(x) = 2(�1)rAr�1xfor r = 2; : : : ; p� 1. Hence from equation (4.3) we see thatLp(x) = (�1)pxtAp�1xand our claim follows by induction.Since d is the degree of F it follows thatxtApx = 050



for p � d. Since A is assumed to be symmetric this implies that A isnilpotent so trace(A) = 0. Thus we get at the point 0�(F )(0) = 4@2Q2@z@�z + 2 trace(A) = 0:The origin was arbitrarily chosen among the non-singular points of F ,so it follows that �(F )(p) = 0for every non-singular point p of F . Since F is a horizontally conformalpolynomial, its set of critical points is nowhere dense. Hence F isharmonic.Following Theorem 4.3 and Theorem 4.5 the study of globally de�nedharmonic morphisms Rm ! Rn with n � 3 is reduced to the study ofhorizontally conformal polynomials of degree � m�2n�2 .Corollary 4.6. [�] If n � m � 2n� 3 and � : Rm ! Rn is a non-constant harmonic morphism, then ���(0) is an orthogonal projectionfollowed by a homothetic isomorphism.Proof. We assume for simplicity that �(0) = 0. Since n � 2n� 3it follows that n � 3 and (m�2)=(n�2) < 2. Hence � is linear by The-orem 4.3. Choose an orthonormal basis ff1; : : : ; fng of the horizontalspace (ker �)? so that �(fi) = �ei for i = 1; : : : ; n, where fe1; : : : ; engis the canonical base of Rn and � the dilation of �. Then � is easilyseen to be the orthogonal projection onto the horizontal space followedby a homothetic isomorphism.Example 4.7. If m � 3n� 5 then any harmonic morphism Rm !Rn is polynomial of degree no more than 2. We have in this case thefollowing result which we state without proof:Theorem 4.8. [1] If F : Rm ! Rn is a polynomial harmonic mor-phism of degree 2, then there is an orthonormal basis for Rm such thatF � F (0) is either homogeneous of degree 2 or of the form(x1; : : : ; xm) 7! �(x1; : : : ; xn) +Q(xn+1; : : : ; xm)for some � 2 R and some polynomial harmonic morphismQ : Rm�n ! Rnhomogeneous of degree 2.Theorem 4.8 together with the results of Section 2 give a completeclassi�cation of all harmonic morphisms Rm ! Rn with m � 3n� 5.51



2. The Classi�cation of OuIn this section we study harmonic morphisms de�ned by homoge-neous polynomials of degree 2. Due to a connection with the represen-tation theory of Cli�ord algebras we obtain a complete classi�cationof these. In our presentation of this classi�cation we follow the workof Ou and Wood in [50] and Ou in [49]. We also derive some resultsneeded in the next chapter.De�nition 4.9. A map � : Rm ! Rn is said to be quadratic ifeach of its components are quadratic forms on Rm . The set of all qua-dratic harmonic morphisms Rm ! Rn will be denoted by H2(m;n).Two quadratic maps �,  are said to be domain-equivalent if there isan A 2 O(Rm) such that � =  � A and bi-equivalent if there is aB 2 O(Rm) and a C 2 O(Rn) such that � = C �  �B:We see that domain-equivalence amounts to an orthonormal changeof coordinates of Rm and bi-equivalence to an orthonormal change ofcoordinates in both the domain and the co-domain.If � : Rm ! Rn is a quadratic map we may write�i(x) = hAix; xi; x 2 Rmfor i = 1; : : : ; n and some symmetric Ai 2 End(Rm). Henceforth wemake no distinction between End(Rm) and the set of m�m-matricesover R thus refering to Ai as the i-th component matrix of �. We alsoequip End(Rm) with the standard inner producthA;Bi = 1mtrace(AtB):De�nition 4.10. A quadratic map � : Rm ! Rn with componentmatrices Ai, i = 1; : : : ; n is said to be separable if it is possible to writeRm as a direct sum of non-trivial subspaces, invariant under Ai forevery i. Otherwise � is said to be non-separable.From Theorem 3.8 we may now derive the following equations.Proposition 4.11. [50] A quadratic map � : Rm ! Rn with com-ponent matrices Ai, i = 1; : : : ; n, is a harmonic morphism if and onlyif a) A2i = A2j for all i,j,b) AiAj + AjAi = 0 for all i6=j, andc) trace(Ai) = 0 for all i. 52



Proof. [50] For every i we havegrad(�i)(x) = 2Aix and 4Rm(�i) = 2 trace(Ai):Thus c) is immediate and a) and b) follow from Example 3.6. Observethat for b) AiAj is not symmetric in general.Example 4.12. For t 2 R we see that � : R2 ! R2 given by�(x; y) =(x2 cos t� y2 cos t+ 2xy sin t;� x2 sin t + y2 sin t+ 2xy cos t)has component matrices�cos t sin tsin t � cos t� ;�� sin t cos tcos t sin t� :They do satisfy the equations of Proposition 4.11 so � is a quadraticharmonic morphism.De�nition 4.13. For manifolds M;N and maps f :M ! Rn andg : N ! Rn we de�ne their direct sum as the map f�g :M�N ! Rnby (f�g)(x; y) = f(x)+g(y), where M�N is given the usual productstructure.It follows directly from Proposition 4.11 that a direct sum of qua-dratic harmonic morphisms gives new quadratic harmonic morphisms.The direct sum construction can of course be applied to more than twoterms.Lemma 4.14 (The Rank Lemma). [50] Let � 2 H2(m;n) havecomponent matrices A1; : : : ; An. Then1. all the component matrices have the same rank which is an evennumber,2. all the component matrices have the same eigenvalues, and3. the map � is domain-equivalent to a quadratic harmonic mor-phism  with component matrices F1; : : : ; Fn, withF1 = 0@D 0 00 �D 00 0 01A ; Fi = 0@ 0 Bi 0Bti 0 00 0 01A ; i = 2; : : : ; n;where D is a diagonal matrix with only positive diagonal entriesand Bi matrices satisfyingBiD = DBi; BiBti = D2 for all i = 1; : : : ; n; andBtiBj +BtjBi = 0 for all i; j = 1; : : : ; n; i 6= j:The map  is said to be of the normal form.53



The proof of this lemma is a simple application of the equationsin Proposition 4.11, using well-known facts about symmetric matrices.We omit this and refer to page 47 of [50].Example 4.15. The Hopf polynomials of Example 3.26 are allquadratic harmonic morphismsR2d ! Rd+1for d = 1; 2; 4 or 8. They are all of normal form in the canonical basisof R2d . For d = 1, �(x; y) = (x2 � y2; 2xy) has component matrices�1 00 �1� ;�0 11 0� :For d = 2 the corresponding Hopf polynomials are given by�(x1; x2; x3; x4) =(x21 + x22 � x23 � x24;2x1x3 + 2x2x4;�2x1x4 + 2x2x3);with component matrices0BB@1 0 0 00 1 0 00 0 �1 00 0 0 �11CCA ;0BB@0 0 1 00 0 0 11 0 0 00 1 0 01CCA ;0BB@ 0 0 0 �10 0 1 00 1 0 0�1 0 0 0 1CCA :The next one with d = 4 is given by�(x1; : : : ; x8) =(x21 + x22 + x23 + x24 � x25 � x26 � x27 � x28;2x1x5 + 2x2x6 + 2x3x7 + 2x4x8;� 2x1x6 + 2x2x5 � 2x3x8 + 2x4x7;� 2x1x7 + 2x2x8 + 2x3x5 � 2x4x6;� 2x1x8 � 2x2x7 + 2x3x6 + 2x4x5)so it is also of the normal form. It is easy to see that this is also thecase for d = 8.De�nition 4.16. If � 2 H2(m;n), then the common rank of itscomponent matrices is called the Q-rank of �. If the Q-rank of � is m,then � is said to be Q-non-singular. If � 2 H2(m;n) is Q-non-singularand the positive eigenvalues of its component matrices are the samethen � is said to be umbilical. The set of all umbilical elements ofH2(m;n) with positive eigenvalue 1 is denoted by H12 (m;n).Example 4.17. We see that the Hopf polynomials are all umbilicalwith positive eigenvalue 1 and so are the maps of Example 4.12. Note54



that if �1 : Rm1 ! Rn and �2 : Rm2 ! Rn are umbilical quadraticharmonic morphisms with positive eigenvalue 1, then for �; � 2 R:��1 � ��2 : Rm1+m2 ! Rnwill in general not be umbilical. We shall later see that this is the onlyway to construct non-umbilical quadratic harmonic morphisms.Corollary 4.18. [50] Any quadratic harmonic morphism is thecomposition of an orthogonal projection followed by a Q-non-singularquadratic harmonic morphism from an even-dimensional space.Proof. The statement is clearly true for a quadratic harmonicmorphism of the normal form. The general case follows from Lemma4.14.We may compare Corollary 4.18 with a result of Baird and Wood(see Theorem 4.1 of [8]) stating that any non-constant harmonic mor-phism R3 ! R2 is the composition of an orthonormal projection R3 !R2 followed by a weakly conformal map. By Corollary 4.18 we see thatit is enough to study Q-non-singular quadratic harmonic morphismsfrom even-dimensional spaces.Corollary 4.19. [50] If � 2 H2(m;n) is umbilical then � is domain-equivalent to a  2 H2(m;n) given by (x) = �(hP1x; xi; : : : ; hPnx; xi);for some real constant � and Pi 2 Sym(Rm) satisfyingPiPj + PjPi = 2�ijIm for all i; j;where Im is the identity endomorphism of Rm .Proof. This follows immediately from Lemma 4.14.De�nition 4.20. An n-tuple (P1; : : : ; Pn) of symmetric endomor-phisms on Rm satisfyingPiPj + PjPi = 2�ijImfor all i; j = 1; : : : ; n; is called an n-dimensional Cli�ord system onRm . The set of all n-dimensional Cli�ord systems on Rm is denoted byC(m;n).We note that from the last de�nition the only possible eigenvaluesfor any Pi is �1. Since Pj with i 6= j de�nes an isomorphism betweenthe eigenspaces E1 and E�1 of Pi, these spaces have the same dimen-sion. From the symmetry of Pi, we conclude that m = 2 dim(E1).Hence C(m;n) = ; for m odd. It also follows that trace(Pi) = 0 for all55



i, so that every Cli�ord system de�nes a quadratic umbilical harmonicmorphism with positive eigenvalue 1.Corollary 4.21. [50] Up to a homothetic change of coordinates ofRm and domain-equivalence, every umbilical quadratic harmonic mor-phism is given by a Cli�ord system as in Corollary 4.19. In particular,if m is odd, then there are no umbilical quadratic harmonic morphismsRm ! Rn :We now focus our attention on Cli�ord systems.De�nition 4.22. Two Cli�ord systems (P1; : : : ; Pn) and (Q1; : : : ;Qn) on R2m are said to be algebraically equivalent if there exists anA 2 O(2m) such that AtPiA = Qifor all i = 1; : : : ; n. They are said to be geometrically equivalent if thereexists a B 2 O(spanRfP1; : : : ; Png) such that (B(P1); : : : ; B(Pn)) and(Q1; : : : ; Qn) are algebraically equivalent.It follows (see [49], Theorem 2.6) that two Cli�ord systems arealgebraically (geometrically) equivalent if and only if the correspondingquadratic harmonic morphisms are domain-equivalent (bi-equivalent).De�nition 4.23. If (P1; : : : ; Pn) 2 C(2m1; n) and (Q1; : : : ; Qn) 2C(2m2; n) are two n-dimensional Cli�ord systems on R2m1 and R2m2 ,respectively, then their direct sum is the n-dimensional Cli�ord sys-tem on R2(m1+m2) given by (P1 �Q1; : : : ; Pn �Qn). A Cli�ord system(P1; : : : ; Pn) on R2m is said to be irreducible if it is not possible to writeR2m as a direct sum of non-trivial subspaces invariant under all Pi.It is easy to see that a Cli�ord system is irreducible if and only if itis not algebraically equivalent to a direct sum of two Cli�ord systems.Furthermore, irreducible Cli�ord systems correspond to non-separablequadratic harmonic morphisms.As noted in [27] there is a natural connection between Cli�ordsystems and the representation of the Cli�ord algebras Cm. From thisconnection the following may be deduced:Theorem 4.24. [27] The following facts hold for Cli�ord systems:1. Every Cli�ord system is algebraically equivalent to a direct sumof irreducible Cli�ord systems.2. Irreducible Cli�ord systems (P1; : : : ; Pn) 2 C(2m;n) exist pre-cisely for the values of n and m = m(n) listed in Table 1.56



3. For n 6� 1(mod 4) all Cli�ord systems in C(2m(n); n) are alge-braically equivalent.4. For n � 1(mod 4) there are in C(2m(n); n) two equivalenceclasses under algebraic equivalence and one under geometricalequivalence.n 2 3 4 5 6 7 8 9 : : : n+8 : : :m(n) 1 2 4 4 8 8 8 8 : : : 16m(n) : : :Table 1.From Corollary 4.21 and Theorem 4.24 we may now prove existenceof umbilical quadratic harmonic morphisms.Theorem 4.25. [49] For any n 2 N there exist non-separable um-bilical quadratic harmonic morphisms R2m ! Rn for exactly the valuesof (m;n) = (m(n); n) listed in Table 1. Other umbilical quadratic har-monic morphisms into Rn exist exactly in the cases R2km ! Rn , when(m;n) = (m(n); n) is contained in Table 1 and k 2 N .Proof. [49] The statement follows directly from the fact thatby Corollary 4.21, any umbilical quadratic harmonic morphism cor-responds to a Cli�ord system, which is algebraically equivalent to adirect sum of irreducible Cli�ord systems.Example 4.26. The Hopf polynomials are clearly given by Cli�ordsystems in C(2m(n); n) with n = 2; 3; 5 or 9. Since every Cli�ordsystem in C(2m(n); n) is irreducible, the Hopf polynomials are all non-separable.In order to give a complete characterization of quadratic harmonicmorphisms we next prove that umbilical quadratic harmonic morphismsare the building blocks for the general case:Lemma 4.27 (The Splitting Lemma). [49] If � : R2m ! Rn isa Q-non-singular quadratic harmonic morphism, then � is domain-equivalent to a direct sum of umbilical quadratic harmonic morphisms.Proof. [49] If � is umbilical we are done. If not, let �1; : : : ; �mbe the positive eigenvalues of the component matrices of � counted bymultiplicity, with �1 = �2 = � � � = �k 6= �l, for k < l � m. Then � isby Lemma 4.14 domain-equivalent to  , where  is of the normal formwith D diagonal and diagonal entries �1; : : : ; �m. From the fact thatDBi = BiD, we see that Bi = �bi 00 ci�57



for some bi 2 GL(Rk ), ci 2 GL(Rm�k), i = 2; : : : ; n. Using the isometryH = 0BB@Ik 0 0 00 0 Im�k 00 Ik 0 00 0 0 Im�k1CCAwe see that � is domain-equivalent to ' =  �H and that' = '1 � '2;where '1 : R2k ! Rn and '2 : R2(m�k) ! Rn :By Proposition 4.11 the maps '1 and '2 are both quadratic harmonicmorphisms and '1 is umbilical by construction. Repeating the proce-dure completes the proof in a �nite number of steps.We may now give the characterization theorem for Q-non-singularquadratic harmonic morphisms. By Corollary 4.18 this also covers thegeneral case.Theorem 4.28. [49] For n 2 N , Q-non-singular quadratic har-monic morphisms with values in Rn exist precisely in the casesR2km(n) ! Rnwhere k 2 N. Each such map is domain-equivalent to a direct sum ofthe kind �1�1 � : : :� �k�kfor some �i 2 H12 (2m(n); n) given by an irreducible Cli�ord system.Proof. This follows directly from Theorem 4.25 and Lemma 4.27.Example 4.29. [49] Fix k 2 N . By Theorem 4.28 any Q-non-singular quadratic harmonic morphism� : R2km(n) ! Rnis, up to domain-equivalence, of the form� = �1�1 � � � � � �k�kfor some k-tuple (�1; : : : ; �k) 2 Rk and some �i 2 H12 (2m(n); n),i = 1; : : : ; k, given by irreducible Cli�ord systems. If n 6� 1(mod4), it follows from the properties of Cli�ord systems that every two58



elements of H12 (2m(n); n) are domain-equivalent. Hence up to domain-equivalence, � is in this case of the form� = �1'� � � � � �k'where ' 2 H12 (2m(n); n) is given by irreducible Cli�ord systems. Inparticular, we see that for a �xed k-tuple (�1; : : : ; �k) 2 Rk any twoquadratic harmonic morphisms with these eigenvalues are domain--equivalent.If n � 1(mod 4) the situation is more complicated since in thiscase there are two algebraic equivalence classes in C(2m(n); n). But asnoted by Ou (see [49], Corollary 4.12), two non-equivalent Cli�ord sys-tems will only di�er by a sign of one, say of the last component. Hencethere are in this case two domain-equivalence classes in H12 (2m(n); n)and two non-equivalent quadratic harmonic morphisms in this set willdi�er only by a sign of one, say the last of their components. This im-plies that for a �xed k-tuple (�1; : : : ; �k) 2 Rk , we get 2k possibilities ofconstructing our Q-non-singular quadratic harmonic morphism of theform �1�1 � � � � � �k�kfor �i 2 H12 (2m(n); n). Half of these possibilities can be obtained fromthe other by an orthonormal change of coordinates in Rn as one easilychecks. Hence there are in this case 2k�1 bi-equivalent classes. Inparticular for k = 1 and n 2 N , there is just one bi-equivalent class inH12 (2m(n); n).3. Polynomial Harmonic Morphisms of Higher DegreeSo far we have not seen any explicit examples of polynomial har-monic morphisms of degree higher than 2, except when the target man-ifold is C . Of course by composing quadratic harmonic morphisms wemay construct examples of even degree, but it was an open questionfor several years whether there exist polynomial harmonic morphismsof higher degree that do not arise in this way. For instance, do thereexist polynomial harmonic morphisms of odd degree? This questionhas recently been given an a�rmative answer in some cases in [7] by asurprisingly simple construction. We shall in this section describe thismethod and show how it provides a multitude of examples.De�nition 4.30. A multilinear map� : Rp1 � � � � � Rpk ! Rn59



is said to be norm-preserving ifj�(x1; : : : ; xk)j = jx1j � � � jxkjfor every (x1; : : : ; xk) 2 Rp1 � � � � � Rpk .Example 4.31. [7] It is easily seen that the following maps arenorm-preserving:C � C 2 3 (z1; z2; z3) 7! 12z1(z2 + �z2;�i(z2 � �z2); 2z3) 2 C 3and C � C 3 3(z1; z2; z3; z4) 7!(z1z2; z1z3; 12z1(z4 + �z4); i2z1(z4 � �z4)) 2 C 4 :Example 4.32. For any k 2 N and d = 1; 2; 4 or 8, let� : Rd � � � � � Rd| {z }k ! Rd ; (x1; : : : ; xk) 7! (x1 � � � (xk�2(xk�1xk)) � � � )be the multiplication of real, complex, quaternionic or Cayley num-bers. Then � is norm-preserving. Actually these are the only possibledimensions for the existence of a multilinear norm-preserving mapRn � � � � � Rn| {z }k ! Rnwith k � 2. For if we �x (x3; : : : ; xk) 2 Sn�1 � � � � � Sn�1 then theresulting map Rn � Rn ! Rn will turn Rn into a normed divisionalgebra, hence we must have n = 1; 2; 4 or 8 by a classical result ofHurwitz (see [42]). We shall make use of this fact in the proof of thefollowing theorem.Theorem 4.33. [7] A norm-preserving multilinear map� : Rp1 � � � � � Rpk ! Rnis a harmonic morphism if and only if p1 = � � � = pk = n = 1; 2; 4 or 8.Proof. [7] If p1 = � � � = pk = n then � is a harmonic morphismby Theorem 4.5 and Example 3.15 since � is a homothetic linear trans-formation in each variable separately.Conversely, assume that � : Rp1 � � � � � Rpk ! Rn is a multilinearnorm-preserving harmonic morphism. Since � is norm-preserving it isclear that pi � n(4.4) 60



for i = 1; : : : ; n. If � is the dilation of � we see that for x = (x1; : : : ; xk) 2Sp1�1 � � � � � Spk�1 we haven�2(x1; : : : ; xk) = trace(hd�x; d�xi) = p1 + p2 + � � �+ pk:(4.5)For a function f : Rn ! R we get from equation (3.6) together withExample 3.15:�2(x1; : : : ; xk)4Rn(f) � �(x1; : : : ; xk) = kXi=1 4Rpi (f � �i)(xi);(4.6)where �i = �(x1; : : : ; x̂i; : : : ; xk). If we choose f(y) = jyj4 so that4Rn(f)(y) = 4njyj2+ 8jyj2, then for (x1; : : : ; xk) 2 Sp1�1 � � � � � Spk�1we have 4Rpi (f � �i)(xi) = 4pi + 8:From equations (4.6) and (4.5) it then follows thatp1 + p2 + � � �+ pkk = nand comparing with equation (4.4) we obtain p1 = p2 = � � � = pk =n. The theorem now follows from the previously mentioned result ofHurwitz.Using K-theory, Tang has recently improved Theorem 4.33 and ob-tained the following:Theorem 4.34. [54] If the map F : Rp1 � � � � � Rpk ! Rn ismultilinear and non-singular (i.e. F (x1; : : : ; xk) = 0 implies that xi = 0for some i), then F is a harmonic morphism if and only if p1 = � � � =pk = n = 1; 2; 4 or 8.From Theorem 4.33 we may now for any k 2 N and n = 1; 2; 4 or 8construct polynomial homogeneous harmonic morphisms of degree kRn � � � � � Rn| {z }k ! Rn :Example 4.35. [�] For the non-homogeneous case we have the fol-lowing construction: For Riemannian manifoldsM1; : : : ;Mk and a fam-ily �i : Mi ! Rn , i = 1; : : : ; k, of harmonic morphisms, their directsum �1 � � � � � �k :M1 � � � � �Mk ! Rnis given by�1 � � � � � �k(x1; : : : ; xk) = �1(x1) + � � �+ �k(xk)61



for (x1; : : : ; xk) 2M1�� � ��Mk. Since this is a harmonic morphism ineach variable separately it is a harmonic morphism by Example 3.15.Now assume that Ai : Rpi ! Rn is a homogeneous polynomialharmonic morphism for i = 1; : : : ; k. De�ne the mapF : Rp1 � � � � � Rpk ! Rnas the direct sum of the Ai's:F (x1; : : : ; xk) = A1(x1) + � � �+ Ak(xk):The map F is a harmonic morphism and if the Ai's are not all of thesame degree, then F will be non-homogeneous.After Example 4.35 was produced it was pointed out by Ou that aspecial case of this construction has appeared in [48]. But since thisis written in Chinese it is our hope of not being accused of plagiarism.Example 4.35 motivates the following de�nition:De�nition 4.36. A harmonic morphism � : Rm ! Rn is said tobe separable if, up to isometries, � can be written as a direct sum ofharmonic morphisms from spaces of strictly lower dimensions. Other-wise � is said to be non-separable.The map F constructed in Example 4.35 is separable and by The-orem 4.8 any polynomial harmonic morphism of degree 2 is either ho-mogeneous (up to an additive constant) or separable. We make thefollowing conjecture:Conjecture 4.37. [�] If � : Rm ! Rn is a non-separable polyno-mial harmonic morphism then, up to an additive constant, � is homo-geneous.
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CHAPTER 5ApplicationsIn this chapter we present a new way of proving two well-knowntheorems of Eells and Yiu. The �rst states that the Hopf polynomialsare essentially the only homogeneous polynomial harmonic morphismspreserving spheres. The second states that these are essentially theonly harmonic homogeneous polynomials that restricts to harmonicmorphisms between spheres. For this we use results from Chapter3 together with some important results of algebraic and di�erentialtopology. This is then used to derive information on the singularitiesof general harmonic morphisms.1. The Theorems of Eells and YiuThe results needed from algebraic topology originate in the follow-ing remarkable result of W. Browder (see Spanier [52] for the de�ni-tions):Theorem 5.1. [16] Let F be a connected polyhedron and p : Sm !B a weak �bration over B with �bre F . If B is not a single point, thenF must be homotopic to S1, S3 or S7.Timourian used Theorem 5.1 to obtain the following result ([55],Lemma 2.7), more suitable for our purposes.Theorem 5.2. [55] If m > n � 1 and Tm is a homotopy m-sphereand � : Tm ! Sn is a �bre bundle with compact (m � n)-dimensional�bres, then (m;n) = (3; 2), (7; 4) or (15; 8).Note that these are exactly the dimensions of the Hopf �brationsof Example 3.26 with m > n. It is well known that all the Hopf �bra-tions are �bre bundle maps and they are indeed surjective submersionsbetween compact manifolds. The following result is due to Ehresmann(see also Wolf [58]).Theorem 5.3. [26] If the map � :Mm ! Nn is a proper submer-sion i.e. a submersion that pulls back compact sets to compact sets,then � :M ! �(M) is a �bre bundle.63



Using the results of Ehresmann, Wolf and Timourian, Hsu gave acomplete classi�cation of all horizontally conformal maps Sm ! Snwith constant dilation. Her result is as follows:Theorem 5.4. [41] If Hmn (�) is the set of all horizontally confor-mal C1-maps Sm ! Sn with constant dilation �, then Hmn (�) = ;unlessa) m = n, � = 1 and Hmn (�) = O(m+ 1),b) m = n = 1, � 2 N and Hmn (�) = fg� � j g�(z) = z�;  2 O(2)g,c) (m;n) = (3; 2), (7; 4) or (15; 8) and � = 2.All the maps of cases a) and b) are clearly harmonic morphisms; theharmonicity follows from Example 2.23 and the horizontal conformalitywill follow from the proof of Theorem 5.5. Case b) with � = 2 and the identity is the �rst Hopf �bration and by the classi�cation ofthe quadratic harmonic morphisms it follows that any non-constantquadratic harmonic morphism R2 ! R2 must be domain-equivalent tothis Hopf polynomial. As mentioned earlier a similar result is valid inhigher dimensions. This is one of the theorems of Eells and Yiu:Theorem 5.5. [25] If m > n and � : Rm ! Rn is a non-constantharmonic morphism de�ned by polynomials homogeneous of degree p,with j�j constant on Sm�1, then p = 2 and � is bi-equivalent to aconstant multiple of one of the Hopf polynomials.To prove Theorem 5.5 we need the following lemma, which is astrenghtening of Theorem 4.3 for homogeneous polynomial harmonicmorphisms.Lemma 5.6. [5] If � : Rm ! Rn is a non-constant polynomialharmonic morphism, homogeneous of degree p, then p(n� 2) � m� 2with equality if and only if j�j is constant on Sm�1 in which case thedilation of � is constant on Sm�1.Proof. [5] Without loss of generality we may assume that � isnormalized so that supx2Sm�1 j�(x)j2 = 1:Let � = fx 2 Sm�1j j�(x)j2 = 1g64



and de�ne F : Rm ! R by F = j�j2 and f = F jSm�1. Then forx 2 Sm�1 (with r denoting the gradient):rf(x) = rF (x)� @F@r (x)x= 2Xk �k(x)r�k(x)� 2pf(x)x:(5.1)Since f attains its maximum in �, rf = 0 and 4Sm�1(f) � 0 there.Thus for x 2 � we haveXk �k(x)r�k(x) = px:(5.2)Taking the norm squared of this gives �2(x) = p2 for x 2 �, where � isthe dilation of �. From the hypothesis on � we get4Rm(F ) = 2Xk div(�kr�k) = 2Xk jr�kj2 = 2n�2:If i : Sm�1 ,! Rm is the inclusion map, then Example 2.23 implies:4Sm�1(f) = 4Rm(F )� 2p(2p+m� 2)f= 2n�2 � 2p(2p+m� 2)f:(5.3)Since this is non-positive on � and � 6= ;, we obtain (n� 2)p � m� 2.If f is constant then � = Sm�1 so by equation (5.2), � is constantlyequal to p on Sm�1. Furthermore 4Sm�1(f) = 0 which implies that(n� 2)p = m� 2.Conversely, if (n� 2)p = m� 2, then from equation (5.3):4Sm�1(f) = 2n(�2 � p2f):From this we get that if f(x) = 0 then 4Sm�1(f)(x) � 0. Taking thenorm squared of both sides of equation (5.1) and using the homogeneityof � implies jrf j2 = 4f(�2 � p2f) = 4f2n4Sm�1(f):Hence 4Sm�1(f) � 0 on the whole of Sm�1 and since Sm�1 is compact,f must be constant by Corollary 2.31.proof of theorem 5.5. [�] We may assume that j�j = 1 onSm�1. It follows from Lemma 5.6 that the dilation � of � is con-stant on Sm�1, hence the sphere contains no critical points of �. Forany y 2 Sn�1 and x 2 Rm n f0g with �(x) = y we have1 = j�(x=jxj)j = jyj=jxjp = jxj�p65



so it follows that ��1(y) � Sm�1. In particular, the kernel ker d�x =Tx��1(y) is contained in TxSm�1. Thus if � : Sm�1 ! Sn�1 is therestriction of � to the sphere, then ker d�x= ker d�x for any x 2 Sm�1and the horizontal space of � at x is the intersection of the horizontalspace of � at x with TxSm�1. Hence � is horizontally conformal withconstant dilation �. By Theorem 5.4, � = 2 and (m;n) = (4; 3), (8; 5)or (16; 9) which are the dimensions of the Hopf polynomials. FromLemma 5.6 we get p = 2, so � is a quadratic harmonic morphismand hence bi-equivalent to one of the Hopf polynomials by Example4.29.The other theorem of Eells and Yiu is the following:Theorem 5.7. [25] Let m > n and � : Sm�1 ! Sn�1 be therestriction of a non-constant harmonic homogeneous polynomial map� : Rm ! Rn . Then � is a harmonic morphism if and only if � isbi-equivalent to one of the Hopf polynomials.Proof. [�] If � is bi-equivalent to one of the Hopf polynomials itfollows from the proof of Theorem 5.5 that � is a harmonic morphism.Conversely, let � be the dilation of �. If � is of degree p, then itfollows from Example 2.23 that�2(x) = jd�xj2n� 1 = p(p+m� 2)n� 1(5.4)for x 2 Sm�1. Thus � is horizontally conformal with constant dilationso by Theorem 5.4 we must have � = 2 and (m;n) = (4; 3), (8; 5)or (16; 9). By equation (5.4) we see that p = 2 so � is a harmonichomogeneous polynomial of degree 2 in the dimensions of the Hopfpolynomials. Once we have shown that � is horizontally conformal,Theorem 5.5 will complete the proof. Since � is of degree 2, d�0 = 0.The homogeneity of � now implies that what remains is to prove thehorizontal conformality at points of Sm�1. Choose for that purpose x 2Sm�1 and denote by Hx(�) and Hx(�) the horizontal space of � and� at x, respectively. Once again by homogeneity, d�x will map everynon-zero vector orthogonal to TxSm�1 to a non-zero vector orthogonalto T�(x)Sn�1. Hence ker d�x � TxSm�1 soHx(�) = Hx(�)� [x];66



where [x] denotes the line spanned by x. Since the spaces on the righthand side are orthogonal it follows that for v; w 2 Hx(�) and �; � 2 R:hd�x(v + �x); d�x(w + �x)i = hd�x(v) + �d�x(x); d�x(w) + �d�x(x)i= hd�x(v); d�x(w)i+ 4��j�(x)j2= 4hv; wi+ 4��= 4hv + �x; w + �xi;where we have used the homogeneity of �. Thus � is horizontallyconformal at any point of Sm�1. This proves the statement.Thus the only harmonic homogeneous polynomials to spaces ofstrictly lower dimensions which restrict to harmonic morphisms be-tween spheres are those which are bi-equivalent to the Hopf polyno-mials. It should be noted that these are the only known non-trivialexamples of globally de�ned harmonic morphisms between spheres ofconstant curvature +1 (see The Atlas of Harmonic Morphisms [39]).2. The Symbol of Harmonic MorphismsWe shall now show how the above results can be applied to giveinformation on the singularities of harmonic morphisms. Recall thatfor a function f : Rm ! R the p-th di�erential of f at x 2 Rm is thehomogeneous polynomialdpfx : TxRm �= Rm ! Rgiven by dpfx(�1; : : : ; �m) = Xjkj=p p!k!@kf(x)(�1)k1 � � � (�m)km:Thus the p-th di�erential dpf of f is a natural generalization ofthe (�rst) di�erential df of f . We recall Taylor's formula for a Cp+1function f :f(x+ �) = f(x) + dfx(�) + 12!d2fx(�) + : : :+ 1p!dpfx(�) +O(j�jp+1)This is generalized to maps between arbitrary Riemannian manifoldsas follows:De�nition 5.8. Assume thatM and N are Riemannian manifoldsand � : M ! N a di�erentiable map. The p-th di�erential of �� =67



y� � � at x 2 M is the function dp��x : TxM ! R de�ned in terms oflocal coordinates (xk) around x and (y�) around y = �(x) bydp��x(�) = Xjkj=p p!k!@k��(x)(�1)k1 � � � (�m)km ;where � = (�1; : : : ; �m) are the components of the vector � 2 TxM inthe chosen coordinates. The order of � at x is the smallest integerp � 1 such that for some k, �k has a non-vanishing p-th di�erentialat x. The symbol of � at x is the map �x(�) : TxM ! TyN whosecontravariant components ��x (�), in the chosen coordinate systems, aregiven by ��x (�)(�) = 1p!dp��x(�);where p is the order of � at x.It is easy to see that the order and the symbol of a map are bothwell de�ned and independent of the choice of the local coordinates.Theorem 5.9. [28] Assume that � : M ! N is a horizontallyconformal map between Riemannian manifolds. If � is of �nite orderat a point x 2M , then the symbol of � at x is a harmonic morphism.Proof. [28],[1] We may choose normal coordinates (xk) and (y�)centered around x 2 M and y = �(x), respectively, thus identifyingthe tangent spaces TxM and TyN with Rm and Rn equipped with theirstandard Euclidean metrics. The order of � at x, the symbol and thehorizontal conformality will be invariant under these identi�cations.Hence it will be enough to prove the theorem at the origin for a hori-zontally conformal map � : U ! Rn where U is an open neighbourhoodof 0 2 Rm , �(0) = 0 and the order of � at 0 is �nite and equal to p.If p = 1 then the gradients of the symbol will coincide with thegradients of the components of � itself. From Example 3.6 it followsthat the symbol, in this case, is horizontally conformal.Assume p � 2. Obviously for every k:@@�i 1k!dk��0 (�) = 1(k � 1)!dk�1(@��@xi )0(�):Since @��=@xi is of order � p� 1 at 0, Taylor's formula gives that@��@xi (�) = 1(p� 1)!dp�1(@��@xi )0(�) +O(j�jp)= @@�i ( 1p!dp��0 (�)) +O(j�jp):68



If � is the dilation of � we will therefore have�2(�)��� =Xi @��@xi (�)@��@xi (�)=Xi @@�i ( 1p!dp��0 (�)) @@�i ( 1p!dp��0(�)) +O(j�j2p�1):Note that the sum in the last expression is a homogeneous polynomialin � of degree 2p� 2. It follows that1(2p� 2)!���d2p�2(�2)0 =Xi @��0 (�)@�i @��0 (�)@�i :By Example 3.6, the symbol of � is horizontally conformal, and hencea harmonic morphism by Theorem 4.5.A non-constant harmonic morphism � : Mm ! Nn is by Theorem2.26 of �nite order everywhere. We therefore have to every point x 2Massociated a harmonic morphism Rm ! Rn homogeneous of degree p,where p is the degree of the zero of d� at x. From Theorem 4.3 we nowget the following important theorem:Theorem 5.10. [5] If m < 2n � 2 and � : Mm ! Nn is a non-constant harmonic morphism, then � is a submersion.Proof. Assume that for some x 2 M we have d�x = 0, then thesymbol of � at x is a polynomial harmonic morphism of degree � 2,contradicting the statement of Theorem 4.3.It is well known that for n � 3 the sphere Sn+1 cannot be a �brebundle over Sn (see page 147 of [53]). From the previously mentionedresult of Ehresmann it follows that there are no non-constant harmonicmorphisms Sn+1 ! Snfor n � 4. Theorem 5.2 now leads to an improvement of this result.Corollary 5.11. [25],[5] If n < m < 2n� 2 and � : Sm ! Sn is aharmonic morphism, then � is constant.Corollary 5.12. [5] If m = 2n � 2 and � : Mm ! Nn is a non-constant and non-submersive harmonic morphism, then n = 2; 3; 5or 9.Proof. Since (m� 2) = 2(n� 2), either m = n = 2 or m > n � 3in which case the statement follows from Lemma 5.6 together withTheorem 5.5. 69



Finally we derive the following non-existence result:Theorem 5.13. [1] If m � 3n � 5 and � : Mm ! Nn is a non-constant non-submersive harmonic morphism, then one of the followingconditions must hold:1. n = 3 and m = 4,2. n = 5 and m 2 f8; 9; 10g,3. n = 7 and m = 16,4. n = 8 and m 2 f16; 17; 18; 19g,5. n = 9 and m 2 f16; : : : ; 22g.Proof. Since � is non-submersive its symbol at some point of Mis of degree > 1 and since m � 3n � 5 this degree can not exceed2 by Theorem 4.3. Hence there must exist a non-constant quadraticharmonic morphism Rm ! Rn . By the classi�cation of the quadraticharmonic morphisms in Chapter 3, this will be an orthogonal projectionfollowed by a Q-non-singular quadratic harmonic morphismR2km(n) ! Rnfor some k 2 N . By hypothesis we must have2km(n) � 3n� 5and it follows easily from Table 1 that these are the only possibilities.
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